Adenekan et al. JRSS-NIG. Group Vol. 2(1), 2025, pg. 406 - 429

A MODIFIED GENERALIZED ESTIMATOR FOR EFFICIENT POPULATION PARAMETER
ESTIMATION IN TWO-PHASE STRATIFIED RANDOM SAMPLING

!Adenekan, Q. A., 'Akintunde. A. A., 'Olayiwola, O. A., 2Osinuga, L. A., 'Wale-Orojo, O. A.,
TAjayi, A. O.
1. Department of Statistics, Federal University of Agriculture, Abeokuta, Nigeria.
2. Department of Mathematics, Federal University of Agriculture, Abeokuta, Nigeria.
Abstract

Sampling is often conducted in multiple phases to optimize resources, reduce costs, and improve
accuracy. Two-phase sampling leverages on auxiliary information to enhance efficiency.
However, most existing estimators primarily focused on homogeneous populations. Hence,
leaving a gap in addressing heterogeneous populations. This study introduced a modified
generalized estimator within a stratified two-phase sampling framework, incorporated auxiliary
information at both sampling and estimation stages. The motivation behind this study was to
develop relatively more efficient estimators with reduced mean square error (MSE) for
heterogeneous populations. The objective was to derive and evaluate the performance of the
proposed estimators using real-life datasets and Monte Carlo simulations. Two real-life datasets
were utilized: the first dataset from the Joint Admissions and Matriculation Board (JAMB)
records on applicants by gender for 2017 and 2018, with 2018 serving as the variable of interest
and 2017 as the auxiliary variable. The second dataset consists of the enrolments of public primary
school pupils and number of teachers by gender and local government for the 2018/2019 academic
session. The Taylor series expansion up to the second-degree approximation was applied in
deriving the MSE of the proposed estimators. The efficiency of the estimators was assessed using
real-life datasets and a Markov Chain Monte Carlo (MCMC) simulation across varying sample
sizes (5, 10, and 50). The result demonstrated decreasing MSE values with increasing sample
sizes and established that the proposed modified generalized estimators effectively minimized
MSE and maximized efficiency in two-phase stratified random sampling as compared to the
existing work proposed by Ashish et a/ (2023) and the classical mean estimator under two-phase
stratified sampling.

Keywords: Two-phase sampling, Stratified sampling, Auxiliary Variable, Mean square error,
Percentage relative efficiency.

1.0 Introduction

The goal of conducting sample survey is to estimate population quantities more efficiently, faster and at
reduced cost. The use of auxiliary information from a variable correlated to the variable of interest
together with the study variable helps increase precision, consistency and performance of the
Estimators. The process of using information gathered from a subset of the population to make
inferences, decisions, or conclusions about the population parameter is known as estimation. The
basic procedures for estimating the population parameters by using auxiliary information are the
ratio, product and regression methods of estimations. In the listed methods, the prior information
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on the auxiliary variable(s) is utilized at the estimation stage but in the absence of such prior
information. Neyman (1934) originally presented the potent approach of two-phase sampling for
the purpose of stratification, thereby establishing the use of auxiliary information. Regression and
ratio estimation methods are employed in two-phase sampling to determine the finite population
mean. Cochran (1940) emphasized how important it has become to increase the precision of the
estimators of population parameters like the mean and variance of a variable under study with the
use of auxiliary variable. A lot of studies have been carried out in order to increase the precision
of estimators in which Sarndal et al. (1992) created a framework for estimating population
parameters in two-phase sampling with the use of calibration technique which modifies the
sample weight. Also, Okafor (2002) refined the use of auxiliary variable in increasing precision
of the estimator of a population parameter. Singh and Ruiz (2007) suggested double sampling
ratio-product estimator of a finite population mean in sample surveys. Singh and Vishwakarma
(2008) proposed a family of estimators of population mean using auxiliary information in
stratified sampling, Koyuncu and Kadilar (2009) proposed a family of estimators of population
mean using two auxiliary variables in stratified random sampling. Choudhury and Singh (2012)
worked on a class of chain ratio-product type estimators with auxiliary variables under double
sampling scheme while Hamad et al/ (2013) proposed a regression type estimator with two
auxiliary variables for two-phase sampling. Sanuullah ef a/ (2014) proposed a generalized
exponential chain ratio estimator under stratified two-phase random sampling. Vishwakarma and
Kumar (2015) suggested an efficient class of estimators for the mean of a finite population in
two-phase sampling using multi-auxiliary variates. Kumar and Vishwakarma (2017) proposed
estimation of mean in double sampling using exponential technique on multi-auxiliary variates.
Shabbir and Gupta (2017) looked into generalised exponential chain ratio estimators under
stratified two-phase random sampling.

Recently, Olayiwola et al (2020) and many others used the auxiliary information to increase the
level of precision of estimates. In 2016, Olayiwola et al proposed a modified regression estimator
in double sampling. Kumar and Vishwakarma (2020) proposed a generalized classes of
regression-cum-ratio estimators of population mean in stratified random sampling, Zeeshan et al
(2021) developed an efficient variant of dual to product and ratio estimators in sample surveys.
Zaman and Kadilar (2021) proposed exponential ratio and product type estimators of the mean in
stratified two phase sampling. Also, Kumar and Tiwari (2022) suggested a composite class of
ratio estimators for a finite population mean in two-phase sampling. Olayiwola et al (2021)
established a modified exponential-type estimator for population mean with two auxiliary
variables in two phase sampling,

While various survey sampling techniques are currently in use, gaps remain in their ability to
provide precise and accurate estimates for specific demographic factors (population parameters).
The two-phase sampling design was utilized for the estimation of concerned population parameter
(Ashish et al, 2023). Although much research has been conducted on two-phase sampling and
stratified sampling, relatively few studies have explored two-phase stratified sampling using
ratio-type estimators.

This work extended the work of Ashish ez al (2023) and proposed modified generalized estimators
for estimating population parameters in stratified two-phase sampling, with the goal of achieving
more precise, accurate, and reliable estimates for certain population parameters.
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The objective is to derive and evaluate the performance of the proposed estimators using real
datasets and Monte Carlo simulations.

2.0  Methodology

In this study, two-phase stratified random sampling was adopted in such a way that the first phase
sample was taken for the estimation of the auxiliary characteristics of the population in the various
strata. In the second phase, sub-samples are taken from the first phase sample by selecting the
observations of the study variable and the auxiliary variable from each stratum.

2.1 Sampling Design

To estimate the mean Y of a variable of interest with set of values Yi, Y5, ..., Yy and the mean X
of an auxiliary variable with the set of values X;, X5, ..., Xy correlated to the study variable Y
of a finite population, it is assumed that the population is stratified, which implies that it has been
divided into k non-overlapping strata or groups of sizes Ny, N, ..., Np such that Z{-‘zl Np,. Let
Ve = 2K _, W,y and X, = YX_, W) X, be the stratified means of study variable and auxiliary

variable respectively and let W), = % be the stratum weight. Let the i sample unit of the study

variable and auxiliary variable in the h'' stratum be denoted by yni and xpi respectively. A first-
phase stratified sample of size nj, was selected from h™ stratum to estimate ¥, and another
stratified sample of size n, was selected from the first-phase sample to obtain information on the
study variable as well as the auxiliary variable for the second-phase. Let ¥, = nj,*ypand X, =
ny, *xy; denote the h'™ stratum sample means for the study and auxiliary variable. Then for the h'®
stratum, let us define

/ Vst_Y_
6‘0 = — (1)
Y
X -X
g =—— (2)
X
X -X
g = (3)
X

The sample variance of the auxiliary variable is
1 < — \2
2
s, =— 2. (x,-x) (4)
n—1,.
The sample variance of the study variable is
1 —\2
2
Sy, = 2% %) ®)
n—-1..
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The covariance between y; and x;, is
1 — —

Sy =305 (5,7
- h=1

The correlation between y; and xy, is

S

yX

S.S

y X

’OYhXh -

The coefficient of variation of yj, is

S

y

C ==

h Yh

The coefficient of variation of xj, is

SX
CXh ==

X
Such that

E(s,) = E(el) =E(e,)=0

E(ge)=2XW'gC’

h h  x
n

1 1
V) =XW (— ——j s, =YW Os,
n N

E(e,) = ZWhZHhCyzh :
E(g)=XW'C’,

h ~“h~x

E(s,) =ZW6C,
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E(,6,)=XZW, 6,0, CC, (16)
E(gogl') - thzer:pyhxh thCyh A7)
Where
1 1
gh - T (18)
r]h I\Ih
1 1
O =——— (19)
r-lh Nh
1 1
0,=06,-0, =——— (20)
nh r]h

The classical ratio and product estimators in stratified two-phase sampling are given by

—

—R —_ Xst — th Xt:
Y, =Y. = =2WY, (21)
Xst Z:Vvh Xh
and
—P - Yst - ZWh Xh
Y, =Y, =, =2WY, , (22)
X > W x

st h h

the MSE of 7§ and 75 are given by

R

MSE(Y.) =¥ [(zwjehcj S2TWhp cc )+ (SWAC )] (23)
MSE(Y.)=Y" [(zwhzehcjh +2(XW,p, c,c, )+ (ZWG,C )] (24)

Ashish et al (2023) formulated a generalized class of ratio-cum-product estimator for the

estimation of a finite population mean in simple random two-phase sampling. Their proposed
estimator follows:

T = 7[{@} - k){@ﬂ (25)
axX +y axX'+y
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The approximate MSE of 7 was given by
o2 2 2
MSE(T) =Y [ fC} +(2k —1) f {(2k —DyC: —2p,C,C, } | (26)
Where = _aX
aX +y

And optimum value which minimizes the MSE of T, was obtained as:

1 c
Vo = Poc s 27)
(2k-1) c,
the minimum attainable MSE of T was given as:
MSE(T),, =Y Ci(f —f.0)) (28)

Such that the notations used were defined as follows:

1 1 1 1 1 1
e R B R et
! (n Nj 2 (n' Nj oot (n n’j

S S S
C,==,C, ==, =
Y Y X X pyx Sysx
S; = ! ZN‘,(y-—Y)2 S?= ! ZN:(X.—X)Z and S_ = ! ZN:(y__?)(x__z)
Y (N _1) - i X (N _1) - i yX (N _1) — i i

2.2 Proposed Generalised Estimator and its properties

Motivated by Ashish et al (2023), a generalised ratio-cum-product mean estimator was formulated
under stratified two-phase sampling to be used to estimate the mean of variable of interest using
auxiliary variable given by

— - g
_ ax, +b ax, +b

Ty, =V |Cy———¢+@-0O)y—— (29)
? aX, +b aX, +b

Where ¢, x, b are scalar quantities. The optimum values of these scalars can be obtained by
minimizing the MSE of the proposed estimator Ts. In addition, g is a suitable constant, in which
when g=0, we have the classical statified ratio estimator also g and ¢ may take different values to
get classical ratio or product type estimator respectively, which can be: g=1, c=1, a=1, b=0

Y!
—\7 st

-rst2 - yst |:_ :|
Xst

g=1, c=0, o=1, b=0
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To obtain the MSE of the proposed estimator, we may represent the proposed generalized
estimator given in Eq. (9) in term of € as follows

— — , _ ¢}
T, =V(+s) c{‘”f(l”l)+b}+(1—c){“>f(“‘9%)+bH (30)

aXl+g)+b aX(@+e)+b

i {aX +aX5 +b

_ _ g
_ aX +aXeg +b
T,)=V(@+s)|c Zrars

aX +aX8)+b aX+aX£1)+b

(aX+m+aX€} %}aX+M+aX3

T.)=Y(+¢
( stz) ( o)| © (aX +b)+aXeg (aX +b)+aXe

+(1 C) aX+b aX +b
aX +bh aXe

aX +b aX +b

T ZY_1+ c aX +b aX +b
(Te,) =Y (L) aX+b aXe

aX+b aX+b

{ax+b leg a)z+b an}

aX
aX +b

Using Taylor series to expand
where, T, =¥, f(p); ¥, =0+&)Y so, T,=Y{1+¢g)f(p)

and f(¢) f(a)+( 3) f'(a)+ (b=a) ) f"(a)

f o) = [C(1+ e )1+ (081)* +(@-c)1+ge)1+ e )T (32)
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[c+ge )L+9ze,) " +L-C)L+pe) L+ e ) 1 %
f'(p)=g9 @+ (pgl)g' -1+ (pg')el
[C( 1 1 _

- (l+(pgll)51—(l+¢)51)8;

L+ sy’ (L+ge))’
[e(L+ e YA+ pe) "+ (L-0) L+ pe )L+ e ) 11 x|

el ool )
C - = |+@-C)| ——=
|\ @+ez) L+ ge)

, ou ov
£'(g) =V —+U —
op  Op
' A ry-17]9t
U =g| c(L+pe )L+ pe)" + 1)L+ e )L+ e )" |
ou

o 9(g -D[ e+ e )+ ge) * +A-c) A+ pe) L+ e ) | x

{ ((l+ gogl)g' -1+ gog')glj {(14- g05')81 -1+ (pgl)g' ﬂ
c - — +(1-c) : — :
A+ ge,) (L+pzc)

8' — & & _8'
V C[( ] 1 J_F(lC)( 1 I] j}
@+ pe,) @+ )

ov . . . ,
_8 =c(e —¢)-2¢ (1+ (081)73 +(1-c)(e, —¢)-2e (1+pe )*
¢ 1 1 1 1

| 2 (5; -¢&,) —2(1—0)5; (g —5;)
| @+es) ' L+ge )
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(p) =

1+ (ogl)g' -1+ (pg')g1 @+ gogl)gl -1+ (ogl)g'

> +(@-c) -
(1+¢e) @+ gogl)

1+ (pe; N C(

{g [c (1+ gog; ) 1+ (,z)é:l)f1 +({1-c)(1+pe )1+ (08;)94 i X L+ (081)3 (L+ (pb‘; )3

f(0) =[c(L+0)(1+0) "+ (L-c)L+0)(1+0) "]’ =[c+1-c]’ =1° =1

6" —81 81 —8'
f'(0)—[c(1+0)(1+0)1+(1c)(1+0)(1+0)1]9{ [ : 2]+(1c)( H
1+0) @+0)

=g[c+1-c]"" x[c(si -¢&)+([1-c)(e —81' )]
=glce —cg +5 & —Cg +Cé |
= g[ZCg; -2ke +¢& - 51'] = g[2C(5l ) —1(5l -¢)]

f’(0) = g[(2c —D(e, —&,)]
£7(0)={c(e - &) +@A-C)e, )} x g(g -De+10-0)]" x{c(e - &) + L-c)(g, — ¢ )]
+gle@-0)]" x {20z (¢ — ) -201-0)e (¢, ~ &)}

:[Cgl —Ce+ € —¢ —Cgl+c(91]x g(g _1)X[C’91 —C¢ +¢,—¢ —Cgl+Cel]+

gle(@-0)]" x (-2¢ce,(¢ —&)-2(1-c)e (5,~¢))

=[2ce,— ) -1, - & )]x (g D) x[2c(e, - &,) -Ue, — )] + 9l(2ce,” — 26,6, +&, - 2ce.’)]

= [ZCgl' -2, +¢, ‘%]X 9(g —1)[2051‘ -2 +¢, —51']+ [g x(2e -2 +¢ - Zcef)]
= 9(g-D[ (2c-1(e, &) x (2 -1(e, - &) |+ o[ 2ce’ ~ 26, + - 205 |

f'(0)=g(g-D[(2c-1)°(¢ &) ]+ 0[2ce ~2¢ ¢ +&" —2ce’]
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I 81—8 g'—g .
(C[ 1 12}(“)[ 1 IZDXQ(Q1)[C(1+¢8)(1+¢81)1+(1c)(1+<oel)
(1 + Q[-,'l) (1 + gogl) '
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S0,T =7 (f(¢)

where ¥ =(1+e)Y = T =Y(@1+e)f(p)

and f(p)= +(¢_a) (a +(¢_a) f"(a)
1! 2!
(p-0) (p-0)° .,
= f(0)+ T f'(0)+ T f7(0)
Therefore,

=1+(p-0)g(2c-1(€ - )+ (p-0)*| glg-D(2e-1'(€ - €)' +9{2c & 2€le w2 20’} |

—\7(1+80){1+<o9 (2C_1)(€1._81)+¢2{g(91)(2c1) (6. - )" +g(2ce. 251ng -
+2¢° —2c¢)
_[ | 2 {g(g ~D(2e-1)( -&)° H
Tstz =Y (1+80)+§0g(2C_1)(1+80)(5 _51)+¢7 (1+€0) . . . (38)
1 +2¢ (Cé‘lz —E &+ 512 - Celz)
_ _{ | 2 { 9(g-1)(2c-1’(¢ ~¢)° H
T,=Y+Y| & +99(2c-1)(1+¢)(e —¢&)+o (1+¢,) (39)
' +29(Cgf—glg +g —Cg %)

9(g-1)(2c-1)(¢, - 5,)° H
%)

T =Y =Y | & +pg(2c -1+ 5,)(6,— &)+’ (1+5,)
+29(Cg ~&8, +£ -Cé,

(T, V) =V {e +og(2e (Lt &,)(e, — )+ (L+ 0){ (9-B(2e-1)' (e -a) H (40)

+29(ce] — g6, + & —cg)
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+0(2ce! — 26,6, + 26 —2ce )} +&,(L+&,)pg(2c -1)(¢, — &)
. 2
+(1+5,)" {pg(2c-1)(&, - 5)}

+cog(2c—1)(1+go)(gl-_gl)*wz(“go){g(g—1)(2c_1) (6 —c) +

+0g(2c - +¢,)(g, —€)*

| 0(g-D(2c -1 (e, -’ }
)

+g(2ce] - 2¢,

. 2
8§+{¢)g(2C—1)(81—81)} +o'(L+eg,) > , )
& +2¢" —2¢g

=Y?| +26,(L+ £,)p9(2c ~1)(5, — £,) + 26, * (L+ &, )" (L+ 80){g§
g

9(g-D(2c -1 (s, )" + }

+pg(2c-1)(L+¢&,)(g, — &) * 9’ L+¢,) , . , ,
g(2cs; — 25,6, + 28, —2¢C¢,”)

Recall that we neglect the power greater than 2

Therefore; we have

(T

st2

-Y) =Y’ [502 +{¢g(20—1)(g; —gl)}2 +0+2¢,(1+ go)gog(ZC—l)(gll -&)+ 0+0}

2 2

2 ' 2 2
2|, {(pg (2c-1)(s, —2¢,8, + ¢, +2¢,8,
- 0 . 2 2 .

—Ae,6.6 +26,6 +6,6 — 26,66 +E8,)

We neglect order higher than 2
(T,-Y) =Y* [302 + {gozg 2(2c-D)(g) - 26,6, + gf)} +209(2c-1)(g,¢, - 8081):'
Taking the expectation of Eq. (45), such that

E(TstZ _Y_)2 = MSE(TstZ)
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(&2 +e,(1+£,)pg(2c -1)(c. — &) + £, {1+ £,)p* (9(a -D(2c ~1)* (£, — &,)° |

0*(L+,){9(g -D(2c-1) (g, - &) + g(2ce] - 26,6, + 26, - 2¢5])} +

' ) . . 2
_(p4 A+eg,) *{g(g ~1)(2c-1)° (g, — )" +9(2ce’ —2¢,6, +2¢° - 20512)}

g-D(2c-1)°(¢,— &))" +

2 ' 2
2Ce, — 266, +2¢" —

9(2ce’ —2¢.6, +2¢" - 2051'2)} (42)
+e,* " (L+¢,) { 9(g-1)(2c-1)°(¢, —&,)* + 9(2cs’ —2¢,¢, + 2, - 2C51'2)}

. } (42)
2ce,’)

(43)

}+(pg(2c—1)(80€1' - &, +g§$1' —8581)] (44)

(45)

416



Adenekan et al. JRSS-NIG. Group Vol. 2(1), 2025, pg. 406 - 429

E(T,-Y):=E (V (&2 +{0'0" (20 -1 (57 - 268, +20) | +209(2c D)oy, ~2,8) | )

MSE(T,,)=Y" (E [gg + {gng Y(20-1)" (g} 266, + 512)} +200(2c-1)(,8, - 5051)}) (46)
Taking the expectations and expanding equation (46) produces the following:

MSE (T

S

)=V E(e))+{0'0" (20 -1 E (e - 26, + &)} + 209 (20 - DE ez, - 4,5, | (47)

)=Y? SW/0,C; +'g’(2c-1) {SW/6,C; —25W.6,C; +zwh29hcfh}]
t2/) =

+2p9(2c-1){ZW,6,p,,C, C, ~SW,,p,,C,C, }

(SWO,C] +9’g (2c-1)° (W H,C. - IWG,C] |+

2pg(2c-1){ZW0,p,,C,C, ~SW4,p,,C,C, | ]

=V?[IW6,C] +¢'g*(2c -1 {TW/C] (4, - 6,)} + 209(2c -1) {ZWp, . C, C, (6,-6,)} ]
—V? :thzehcjh +9°0’ (20 -1)° {TWC (6, - 6,)} - 20g(2c -1) {TW/p, , C, C, (6, - 0;)}]

=V?[ZW6,C; +¢’0’(2c-1)° {TW/C. 6, } - 2pg(2c-1) {ZW,’p,, C, C, 6, } | (48)
MSE(T,,) =V*[ W 6,C; +{pg(2c-1) TW,C} —23W.p,, C, C, | py(2c-1)0, |
MSE(T,,) =V*[ W 6,C; +0g(2c-1)6, {pg(2c-1) TW,C -25W,p, , C, C, }] (49)

The optimum value of ¢ is as follows:

OMSE(T,)
0p
From (28), such that

=V IWOC! +9'g (20 -1 {TW'CI 0, }-20g(2c-1){ZW’p, C,C. 6, ]

=0

OMSE(T, )
Op
=Y 209" (201 {IW.C.6,} - 29(2c-1){ZW/p,, C, C, 6} | =0 (50)

divide through with Y 2 to have the following:

=Y?| 0+2pg°(2c-1)" {TW/C} 6, | -29(2c-1){IW.p,, C, C, 6,} |0
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209" (2c-1) {TWCC 0, -29(2c-1) {XW/p, C,C 6, }=0

209" (2c-1) {ZW'C’6,} = 2g(2c - {TW’p, C C, 6]

hXh yh

_20(2e-1{2Wp, C,C. 6 5
20°(2c-1) {ZW/C 6|

pyhxh Yh

(popt

g(2c-1)C,

1 P Wk Yh

P = e (52

g(2C _1) th
substituting the ¢, in the above MSE, we have
MSE(TstZ)min = Y_z [Z\thehcyzh + p)%hxhcyzn {thzed } a 2thXhCYh {ZWhZPyhXhCyh ed }i| (53)

MSE (T

S|

t2)min = Y_2 [thzehc)i + ZthpythhC)i 911 - Zzwthz C)i. ed]

Yo%y

MSE (T

st2

) =V [ ZWG.C] -ZW 0! CI

yh Xh yh d

MSE(TstZ)min = Y_z ZWhZCyzh [gh - p;x gd]

3.0 Comparing the Relative Efficiency

Here, comparison between the proposed generalized estimator with some existing estimators in
two-phase stratified sampling to show:

I. Proposed estimator will give better performance than the combined mean estimator
under two-phase stratified sampling if

MSE(T_,) <V (y,)

Which implies
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V[ SWOC! +p'g (201 {TWC G, |- 2pg(2c-1){W p, C C 6, }|< V7| waC! |

VX Y, X% d h =h ™y,

[SWGC +¢°g’ (26-1)" {ZWC76, | - 209(2c-1) {IW'p, C C 6} |<| TwWi4C? |

X Y h “h "y,
o9 (20-1) {ZWC 4, |- 209(2-1) {XW'p, C C 6,}>0

hxh yh

ii. Proposed estimator is more efficient and will give better performance than the
combined ratio estimator under two-phase stratified sampling if

MSE (T,,) < MSE (V] )
Which implies
V' SW4C +9'g’(2c-1) {ZW/C 6, } - 209(2c-1){ZWp,,C,C 6,} ]
<V*[ zwiac: -2{Tw?p C C 6,}+IWCd, |

Y% Yy X d h x, d
[Zwi6C! +9'g"(2c-1) {TW/C’ 6, }-209(2c-1){TWp, C,C 6, }]
<[ Zwiac -2{xw’p, C,C 0,}+IWC’4, |

o'y’ (2c-1) {ZW'CI0,} - 20g(2c-1){ZW'p, C C, 6}
<IWCIH,-2{=W'p C, C, 6}

2 .2 2 ’DYXCY Zpyxcy
»g°(2c-1)" -2¢pg(2c-1) C— <1- C—>

%

%,

C

X, X

242 2 ’OYXCV 210y><Cy
0 9°(2c-1)" -1<2¢pg(2c-1) —— p -3 ——
C

h h

2 .2 2 Z'OYXCY
0’9’ (2c-1)°-1< c— {pg(2c-1)-1}

X,

2p. C
[pg(2c-1) -1][pg(2c-1) +1] < {%}{qu(% -1)-1}

Xy
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2p. C
v

Xy

2p, C
pg(2c-1) < {—péx“ L } -1

iii. Proposed estimator is more efficient and will give better performance than the
combined product estimator under two-phase stratified sampling if

MSE(T,,) < MSE (77
Which implies

V[ IW6C! +¢'g*(2c-1) {TWC G, } - 2pg(2c-1){XWp, C C 6,}]

Y Y % d

<V*[ Iwic +2{xWp, C C 0} +TWC’q, |

h =x ~d

[ZwaC? +¢'g (201 {TWC6, | -209(2c-1) {ZWp, C C 6,}]

<[ Zwiact +2{Tw’p, C,C 0,}+IWC’4, |
0’9 (2c-1) {SW/C} 6, } - 2p9(2c-1){¥W/p, , C, C, 6,
<IWCI6,+2{IW’p,, C,C 0,

C

X

C 2p, C
9’9" (2c-1)" - 2¢pg(2c-1) {—pyg A } 14 P

C

X

c,| [2p,.C
(0292(20—1)2—1<2(Pg(2C—1){pyg V“}+ Fun

Xy

2p. C
0’9’ (2c-1)° -1< {%}{gpg(k ~1)+1}

Xy

2p C
[@9(2c—1)—1][cog(2c—1)+1]<{ pg" y"}{cog(zc—ml}

%
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4.0 Numerical comparison

4.1 Real life Data

JRSS-NIG. Group Vol. 2(1), 2025, pg. 406 - 429

In this study, two real and a simulated dataset were considered, the first dataset is the number of
pupils (variable of interest) and number of teachers (auxiliary variable) sourced from the Lagos
State Bureau of Statistics (2020 Statistical Digest). The second dataset is the enrolment of Unified
Tertiary Matriculation Examination for the year 2018 (variable of interest) and 2017 (auxiliary

variable). Gender was used as stratifying variable for both datasets.

4.2 Simulated Data

For simulated dataset, data were simulated using Markov Chain Monte Carlo (MCMC) for sample
size of 5, 10 and 50 to ascertain the consistency of the proposed estimator. The data were

generated as follows;

X ~ SkN (150, 5, 6)
k ~ N(100,5)
w=N(120,10)
e=N(0,1)

y=b,+ b, * X+b,*k+b,*w+e

b, =5, b =-2,b, =1 b, =35

The proposed estimator was computed for each sample size, 10,000 iterations were use to obtain
an accurate estimate of the population mean. The estimated mean square error of the mean

estimate is

IQMSE 1 10000 Y_ )
(Te) = 10000 le (T =Y)

R 1 19000 _

RBias(T.) = T.-Y
(Tae) 10000 Zl:( ot )
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4.3 Discussion of Result

The descriptive statistics of pupils and teachers in Lagos state for the year 2019 is as seen in Table
1. Female teachers greatly outnumber male teachers, this highlights the dominance of women in
the teaching profession at the primary school level in Lagos State in the year 2019. Also, it was
discovered in Table 2 that the number of Female UTME Applicants is higher than that of Male
Applicant for the year 2017 and 2018 respectively.

The MSE’s of the family of the Proposed Estimator are smaller than that of the classical mean
(Stratified) and other existing estimators as shown in Table 3 and Table 5. Also, the values of the
PRE’s of the Proposed Estimators are higher than that of the Classical Mean (Stratified) and other
existing estimators, hence, the Proposed Estimators are more efficient.

Also, the MSE’s of the family of the Proposed Estimator are smaller than that of the other existing
estimators as shown in Table 4 and Table 6, the Percentage Relative Efficiency’s (PRE) also
proved that the Proposed Estimator are more efficient.

The MCMC simulation shows that the estimator was consistent, as the sample size increases the
MSE became smaller (Table 7)

Table 1: No of Pupils and Teachers according to Gender.

ISSN NUMBER: 1116-249X

Pupils (Y) Teachers (X)

Male Female Male Female
Mean 4005.052632 4161.508772 43.94736842 | 145.4912281
Standard Error 263.2231672 266.8284524 4.988798295 | 10.47380438
Median 3662 40064 32 132
Standard Deviation 1987.291332 2014.510638 37.66460116 | 79.07548898
Sample Variance 3949326.836 4058253.112 1418.62218 6252.932957
Kurtosis -0.663923934 | -0.594371894 | 8.808132377 | 1.40520747
Skewness 0.483032583 0.459090187 2.526950525 | 0.991053659
Number of local council development area 57 57 57 57
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Table 2: Unified Tertiary Matriculation Examination Registration for 2017 and 2018

UTME REGISTRATION FOR 2018 (Y) UTME REGISTRATION FOR 2017 (X)
MALE FEMALE MALE FEMALE
Mean 6515.26 7952.18 6606.34 8307.32
Median 5973.50 7882.00 6141.50 7512.50
Variance 19230196.686 13605189.938 19178680.610 16319751.195
Std. Deviation 4385.225 3688.521 4379.347 4039.771
Interquartile Range 6869 5383 6459 5661
Skewness 465 -.034 433 JA11
Kurtosis -.683 -.485 -.696 -.447
Table 3: shows the MSE and PRE of the Proposed Estimator using data I
ESTIMATOR MSE PRE
Classical Mean
(Stratified sampling) Ve 361107 100
Family of Proposed Xet
Estimator T =Vo| = 67552.35 534.5587
Xst
[ xa
T =Vq| =— 17805.201
Xst 2028.0982
Xst +C
T, =7, 2% 67542.285 534.6383
Xst +C,
Xst +C
T, =7, 2 5% 17798.034
Xst +Cy 2028.9148
— CX )_(st +1
T, =V | 2 =— 34936.115
C, Xst +1 1033.6208
— | C, )_(st +1
T, =Yy | =—— 8330.216
CXst +1 4334.9052
_ [ Bx«+B
T, =V, —= 65409.105
' ! B, X« + B, 552.0744
B, X« + B
T, =V, 22275 | 16267.683 2219.7811
Bl Xst + 82
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Table 4: shows the performance of the proposed Estimators in comparison with the existing

Estimator using Data |

ESTIMATOR MSE PRE
Classical Mean
Estimator Yy 3974532 100
Sukhatme 1962 )_(
Yra =Y = 288295.48 1378.631
. _(x
Yra =Y b 279417.52 1422.435
Kwathekar and Ajagonkar )_( C
1984 =y oic 288201.83 1379.079
X' '+C,
279325.66 1422.903
X+ C,
Family of  Existing C i
: ‘ x+1
Estimator (AShlSh et al, T = 7 XT 77798.1 5108.778
2023) C x'+1 ' '
(C.x'+1
T= y xZ = 75030.84 5297 198
C,x+1
T—y B,x+B,
le.+ B2 268715.58 1479.085
T—y B,X'+B,
B1 X + 82 260220.45 1527.371
Estimators with g=0.25
Family of  proposed )_( 67552.35 534.5587
Estimator yst Ast
Xst
— 17805.201 2028.0982
T —vy Xst
st2 — yst =
Xst
— 67542.285 534.6383
— | Xst +C,
Tst2 = yst -
Xst + Cx
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- 17798.034 2028.9148
— | Xst +C,
Tst2 = yst -
Xst +C,
- 34936.115 1033.6208
_ | C X +1
Tst2 =Yy =
C, Xst +1
- 8330.216 4334.9052
_ | C Xt +1
Tst2 = yst -
C, Xst +1
— 65409.105
T -V Bl Xst + Bl
st2 — yst ETE— 552.0744
81Xst + B2
- 16267.683 2219.7811
_ Bl Xst + Bl
Tst2 = yst =
81Xst + B2

Table S: shows the MSE and PRE of the family of the Proposed Estimator using data 11

ESTIMATOR MSE PRE
Classical Mean
(Stratified sampling) A 483769.2 100
Family of Proposed )_(
Estimator T, =V, = 254570.84 190.0332
Xst
o [ Xa 35788.27 1351.7535
Tst2 =VYa| =
Xst
T -y, | 22t 254570.43 190.0335
st2 st| —'
Xst +C,
T -y | 225 35787.93 1351.7662
st2 st] =
Xst +C,
T v | &X +1 250233.08 193.3274
st2 yst —
C, Xst +1
T v | &X +1 32203.79 15022119
st2 T yst -
C, Xst +1
T _y | BXsa+B || 25447978 190.1012
st2 T yst —
Bl Xst + B2
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T. =y Bl)_(;t +B,
st2 st Bl)_(st + 82

35713.21

1354.5942

Table 6: shows the performance of the proposed Estimators in comparison with the existing
Estimators using Data I1

ESTIMATOR MSE PRE
Classical Mean
Estimator y 16721859 100
Sukhatme 1962 ([ x
Yra =Y o 1765002.5 947.4128
Ve = 7{% 334336.9 5001.4997
Kwathekar and x+C
Ajagonkar 1984 Yoo =Y = CX 1764997.2 947.4156
- ;'+CX
Yea = Y| = 334336.8 5001.501
X+C,
Family o Existing C x+1
Estimator (Ashish et | T =Y CX—, 1 1708980.4 978.4699
al, 2023) X
_(C x'+1
T=y — 333080 5020.3724
C,x+1
_( Bx+B,
T= Sl
y B.X'+B, 1763820 948.0479
T=y B,x'+B,
—Bl>_(+ B, 334318.3 5001.7777
Estimators with
g=0.25
Family of proposed (x«
Estimator Tst2 = yst - 25457084 6568647
Xt
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T = Vq % 35788.27 46724.415
st
Top = Va| o 254570.43 6568.657
Xst + Cx
To = Va Xa G 35787.93 46724.854
Xst + Cx
Too = Y Lﬁl 250233.08 6682.513
CX Xst +1
_|cC >_(' +1
Tap = V| 2o 32203.79 51925.128
Cx Xst +1
_ [ Bx«+B
T,=V, | 2| | 254479.78 6570.997
Bl Xst + B2
_ [Bx«+B
T, =V, 22| | 3571321 46822.609
Bl Xst + 82

Table 7: Markov Chain Monte Carlo Simulation

Sample Size 5 10 50
REELATIVE REELATIV REELATIVE

SN | a Y c | BIAS MSE | E BIAS MSE BIAS MSE
1 1 0 0 | 0.0656 0.1467 | -0.0835 0.1364 | 0.0013 0.0100
2 1 0 1 | 0.0805 0.1698 | -0.0725 0.1386 | 0.0207 0.0012
3 1 Cx |0 |0.0656 0.1467 | -0.0835 0.1364 | 0.0127 0.0100
4 1 Cx 1 | 0.8049 0.1698 | -0.0725 0.1386 | 0.0207 0.0117
5 |Cx |B2x |0 |0.0699 0.1513 | -0.0806 0.1353 | 0.0149 0.0103
6 |Cx |[B2x |1]0.0761 0.1612 | -0.0755 0.1363 | 0.0185 0.0111
7 Blx | B2x | 0 | 0.0658 0.1469 | -0.0834 0.1363 | 0.0128 0.0100
8 Bilx | B2x |1 | 0.0803 0.1694 | -0.0727 0.1385 | 0.0206 0.0117

6.0 Conclusion

In conclusion, this research has successfully devised an innovative, modified generalised research
ratio-cum-product estimator tailored for finite population mean estimation in two-phase stratified
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sampling frameworks. Both theoretical and empirical evidence unequivocally demonstrate the
proposed estimator's superiority over extant methodologies, thereby marking a significant
contribution to the field of survey sampling.

The practical application of this estimator holds considerable promise for enhancing the precision
of population mean estimates, particularly within the context of two-phase stratified sampling
designs.
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