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Abstract 

Sampling is often conducted in multiple phases to optimize resources, reduce costs, and improve 

accuracy. Two-phase sampling leverages on auxiliary information to enhance efficiency. 

However, most existing estimators primarily focused on homogeneous populations. Hence, 

leaving a gap in addressing heterogeneous populations. This study introduced a modified 

generalized estimator within a stratified two-phase sampling framework, incorporated auxiliary 

information at both sampling and estimation stages. The motivation behind this study was to 

develop relatively more efficient estimators with reduced mean square error (MSE) for 

heterogeneous populations. The objective was to derive and evaluate the performance of the 

proposed estimators using real-life datasets and Monte Carlo simulations. Two real-life datasets 

were utilized: the first dataset from the Joint Admissions and Matriculation Board (JAMB) 

records on applicants by gender for 2017 and 2018, with 2018 serving as the variable of interest 

and 2017 as the auxiliary variable. The second dataset consists of the enrolments of public primary 

school pupils and number of teachers by gender and local government for the 2018/2019 academic 

session. The Taylor series expansion up to the second-degree approximation was applied in 

deriving the MSE of the proposed estimators. The efficiency of the estimators was assessed using 

real-life datasets and a Markov Chain Monte Carlo (MCMC) simulation across varying sample 

sizes (5, 10, and 50). The result demonstrated decreasing MSE values with increasing sample 

sizes and established that the proposed modified generalized estimators effectively minimized 

MSE and maximized efficiency in two-phase stratified random sampling as compared to the 

existing work proposed by Ashish et al (2023) and the classical mean estimator under two-phase 

stratified sampling. 

Keywords: Two-phase sampling, Stratified sampling, Auxiliary Variable, Mean square error, 

Percentage relative efficiency. 

 

1.0 Introduction 

The goal of conducting sample survey is to estimate population quantities more efficiently, faster and at 

reduced cost. The use of auxiliary information from a variable correlated to the variable of interest 

together with the study variable helps increase precision, consistency and performance of the 

Estimators. The process of using information gathered from a subset of the population to make 

inferences, decisions, or conclusions about the population parameter is known as estimation. The 

basic procedures for estimating the population parameters by using auxiliary information are the 

ratio, product and regression methods of estimations. In the listed methods, the prior information 
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on the auxiliary variable(s) is utilized at the estimation stage but in the absence of such prior 

information. Neyman (1934) originally presented the potent approach of two-phase sampling for 

the purpose of stratification, thereby establishing the use of auxiliary information. Regression and 

ratio estimation methods are employed in two-phase sampling to determine the finite population 

mean. Cochran (1940) emphasized how important it has become to increase the precision of the 

estimators of population parameters like the mean and variance of a variable under study with the 

use of auxiliary variable.  A lot of studies have been carried out in order to increase the precision 

of estimators in which Sarndal et al. (1992) created a framework for estimating population 

parameters in two-phase sampling with the use of calibration technique which modifies the 

sample weight. Also, Okafor (2002) refined the use of auxiliary variable in increasing precision 

of the estimator of a population parameter. Singh and Ruiz (2007) suggested double sampling 

ratio-product estimator of a finite population mean in sample surveys. Singh and Vishwakarma 

(2008) proposed a family of estimators of population mean using auxiliary information in 

stratified sampling, Koyuncu and Kadilar (2009) proposed a family of estimators of population 

mean using two auxiliary variables in stratified random sampling. Choudhury and Singh (2012) 

worked on a class of chain ratio-product type estimators with auxiliary variables under double 

sampling scheme while Hamad et al (2013) proposed a regression type estimator with two 

auxiliary variables for two-phase sampling. Sanuullah et al (2014) proposed a generalized 

exponential chain ratio estimator under stratified two-phase random sampling. Vishwakarma and 

Kumar (2015) suggested an efficient class of estimators for the mean of a finite population in 

two-phase sampling using multi-auxiliary variates. Kumar and Vishwakarma (2017) proposed 

estimation of mean in double sampling using exponential technique on multi-auxiliary variates. 

Shabbir and Gupta (2017) looked into generalised exponential chain ratio estimators under 

stratified two-phase random sampling. 

Recently, Olayiwola et al (2020) and many others used the auxiliary information to increase the 

level of precision of estimates. In 2016, Olayiwola et al proposed a modified regression estimator 

in double sampling. Kumar and Vishwakarma (2020) proposed a generalized classes of 

regression-cum-ratio estimators of population mean in stratified random sampling, Zeeshan et al 

(2021) developed an efficient variant of dual to product and ratio estimators in sample surveys. 

Zaman and Kadilar (2021) proposed exponential ratio and product type estimators of the mean in 

stratified two phase sampling. Also, Kumar and Tiwari (2022) suggested a composite class of 

ratio estimators for a finite population mean in two-phase sampling. Olayiwola et al (2021) 

established a modified exponential-type estimator for population mean with two auxiliary 

variables in two phase sampling, 

 

While various survey sampling techniques are currently in use, gaps remain in their ability to 

provide precise and accurate estimates for specific demographic factors (population parameters). 

The two-phase sampling design was utilized for the estimation of concerned population parameter 

(Ashish et al, 2023). Although much research has been conducted on two-phase sampling and 

stratified sampling, relatively few studies have explored two-phase stratified sampling using 

ratio-type estimators.  

This work extended the work of Ashish et al (2023) and proposed modified generalized estimators 

for estimating population parameters in stratified two-phase sampling, with the goal of achieving 

more precise, accurate, and reliable estimates for certain population parameters.  
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The objective is to derive and evaluate the performance of the proposed estimators using real 

datasets and Monte Carlo simulations. 

2.0 Methodology 

In this study, two-phase stratified random sampling was adopted in such a way that the first phase 

sample was taken for the estimation of the auxiliary characteristics of the population in the various 

strata. In the second phase, sub-samples are taken from the first phase sample by selecting the 

observations of the study variable and the auxiliary variable from each stratum. 

2.1 Sampling Design 

To estimate the mean �̅� of a variable of interest with set of values 𝑌1, 𝑌2, … , 𝑌𝑁 and the mean  �̅� 

of an auxiliary variable with the set of values 𝑋1, 𝑋2, … , 𝑋𝑁  correlated to the study variable Y 

of a finite population, it is assumed that the population is stratified, which implies that it has been 

divided into k non-overlapping strata or groups of sizes 𝑁1, 𝑁2, … , 𝑁ℎ such that ∑ 𝑁ℎ
𝑘
𝑖=1 . Let 

�̅�𝑠𝑡 = ∑ 𝑊ℎ�̅�ℎ
𝑘
ℎ=1  and �̅�𝑠𝑡 = ∑ 𝑊ℎ�̅�ℎ

𝑘
ℎ=1  be the stratified means of study variable and auxiliary 

variable respectively and let 𝑊ℎ =
𝑁ℎ

𝑁
 be the stratum weight. Let the ith sample unit of the study 

variable and auxiliary variable in the hth stratum be denoted by yhi and xhi respectively. A first-

phase stratified sample of size 𝑛ℎ
′  was selected from hth stratum to estimate �̅�ℎ and another 

stratified sample of size 𝑛ℎ was selected from the first-phase sample to obtain information on the 

study variable as well as the auxiliary variable for the second-phase. Let �̅�ℎ =  𝑛ℎ
−1𝑦ℎ𝑖and  �̅�ℎ =

 𝑛ℎ
−1𝑥ℎ𝑖 denote the hth stratum sample means for the study and auxiliary variable. Then for the hth 

stratum, let us define 
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The covariance between 𝑦ℎ and 𝑥ℎ is 
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The classical ratio and product estimators in stratified two-phase sampling are given by 
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the MSE of 
R

sty  and 
P

sty   are given by 
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Ashish et al (2023) formulated a generalized class of ratio-cum-product estimator for the 

estimation of a finite population mean in simple random two-phase sampling. Their proposed 

estimator follows: 

'
(1 ) (25)

'

+ +
= + −

+ +

    
    
    

x x
T y k

x x

   

   
 



Adenekan et al.  JRSS-NIG. Group Vol. 2(1), 2025, pg. 406 - 429 

 
 

411 
ISSN NUMBER: 1116-249X 
 

The approximate MSE of T was given by 
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And optimum value which minimizes the MSE of T, was obtained as: 
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the minimum attainable MSE of T was given as: 
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2.2 Proposed Generalised Estimator and its properties 

Motivated by Ashish et al (2023), a generalised ratio-cum-product mean estimator was formulated 

under stratified two-phase sampling to be used to estimate the mean of variable of interest using 

auxiliary variable given by 

2
T (1 ) (29)

 + +
= + −

+ +

    
    

    

st st

st

st st

g

st

x b x b
y c c

x b x b

 

 
 

Where c, x, b are scalar quantities. The optimum values of these scalars can be obtained by 

minimizing the MSE of the proposed estimator Tst. In addition, g is a suitable constant, in which 

when g=0, we have the classical statified ratio estimator also g and c may take different values to 

get classical ratio or product type estimator respectively, which can be: g=1, c=1, α=1, b=0  
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To obtain the MSE of the proposed estimator, we may represent the proposed generalized 

estimator given in Eq. (9) in term of ε as follows 
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Using Taylor series to expand            
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Recall that we neglect the power greater than 2 

Therefore; we have 

 
2

2 2 2 ' '

2 0 1 1 0 0 1 1
( ) (2 1)( ) 0 2 (1 ) (2 1)( ) 0 0 (43)− = + − − + + + − − + + 
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g c
Y g c

      
         

           
 

We neglect order higher than 2 

 2 2 2 2 2 2 '2 ' 2 '

0 1 1 1 1 0 1 0 1
( ) (2 1) ( 2 ) 2 (2 1)( ) (45)− = + − − + + − −  st
T Y Y g c g c            

Taking the expectation of Eq. (45), such that 

2

2 2
( ) ( )− =

st st
E T Y MSE T  
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Taking the expectations and expanding equation (46) produces the following: 
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The optimum value of φ is as follows: 

( )
0
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From (28), such that 
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   2 2 2 2 22
(2 1)2 0 (50( )2 2 1)−  − −  = 

 h h h h hh x d y x y xh d
C CY g c W g W Cc  

divide through with 2Y  to have the following: 
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substituting the 𝜑𝑜𝑝𝑡 in the above MSE, we have 

    

   2 2 2 22 2 2

2 min
( ) 53)2 (  − = + 

 h h h h h h h h h hst y y x y d y x yh y dh yh h x
Y W WMSE T C C C CW       

2 2 2 2 2

2 mi

2 2 2

n

2
( ) 2 + = −   h h h h h h h

h h h hst y y x y d y x y d
YMSE T C C CW W W      

2 2 2

2 mi

2 2

n

2
( ) =  −  h h h h

st y y x yh h h d
MSE T C CY W W    

2 2 2 2

2 min
( ) [ ]= −

h h
st h yh h y x d

MSE T Y W C   
 

 

3.0 Comparing the Relative Efficiency 

Here, comparison between the proposed generalized estimator with some existing estimators in 

two-phase stratified sampling to show: 

i. Proposed estimator will give better performance than the combined mean estimator 

under two-phase stratified sampling if 

2
( ) ( )

stst
MSE T V y  

Which implies 
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ii. Proposed estimator is more efficient and will give better performance than the 

combined ratio estimator under two-phase stratified sampling if 
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iii. Proposed estimator is more efficient and will give better performance than the 

combined product estimator under two-phase stratified sampling if 
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Which implies 
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4.0 Numerical comparison 

4.1 Real life Data 

In this study, two real and a simulated dataset were considered, the first dataset is the number of 

pupils (variable of interest) and number of teachers (auxiliary variable) sourced from the Lagos 

State Bureau of Statistics (2020 Statistical Digest). The second dataset is the enrolment of Unified 

Tertiary Matriculation Examination for the year 2018 (variable of interest) and 2017 (auxiliary 

variable). Gender was used as stratifying variable for both datasets. 

4.2 Simulated Data 

For simulated dataset, data were simulated using Markov Chain Monte Carlo (MCMC) for sample 

size of 5, 10 and 50 to ascertain the consistency of the proposed estimator. The data were 

generated as follows; 

0 1 2 3

0 1 2 3

~ (150, 5, 6)

~ (100, 5)

w=N(120,10)

e=N(0,1)

 y=b + b *X+b *k+b * w+e

  

5, 2, 1, 3.5= = − = =

X SkN

k N

b b b b

 

The proposed estimator was computed for each sample size, 10,000 iterations were use to obtain 

an accurate estimate of the population mean. The estimated mean square error of the mean 

estimate is 

10000
2

1

1ˆ ( ) ( )
10000

  

= −st stRMSE T T Y
 

10000

1

1ˆ ( ) ( )
10000

  

= −st stRBias T T Y
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4.3 Discussion of Result 

The descriptive statistics of pupils and teachers in Lagos state for the year 2019 is as seen in Table 

1. Female teachers greatly outnumber male teachers, this highlights the dominance of women in 

the teaching profession at the primary school level in Lagos State in the year 2019. Also, it was 

discovered in Table 2 that the number of Female UTME Applicants is higher than that of Male 

Applicant for the year 2017 and 2018 respectively. 

The MSE’s of the family of the Proposed Estimator are smaller than that of the classical mean 

(Stratified) and other existing estimators as shown in Table 3 and Table 5. Also, the values of the 

PRE’s of the Proposed Estimators are higher than that of the Classical Mean (Stratified) and other 

existing estimators, hence, the Proposed Estimators are more efficient. 

Also, the MSE’s of the family of the Proposed Estimator are smaller than that of the other existing 

estimators as shown in Table 4 and Table 6, the Percentage Relative Efficiency’s (PRE) also 

proved that the Proposed Estimator are more efficient. 

The MCMC simulation shows that the estimator was consistent, as the sample size increases the 

MSE became smaller (Table 7)  

Table 1: No of Pupils and Teachers according to Gender. 

 Pupils (Y) Teachers (X) 

  Male  Female  Male  Female 

Mean 4005.052632 4161.508772 43.94736842 145.4912281 

Standard Error 263.2231672 266.8284524 4.988798295 10.47380438 

Median 3662 4064 32 132 

Standard Deviation 1987.291332 2014.510638 37.66460116 79.07548898 

Sample Variance 3949326.836 4058253.112 1418.62218 6252.932957 

Kurtosis -0.663923934 -0.594371894 8.808132377 1.40520747 

Skewness 0.483032583 0.459090187 2.526950525 0.991053659 

Number of local council development area 57 57 57 57 
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Table 2: Unified Tertiary Matriculation Examination Registration for 2017 and 2018 

  

  

 

UTME REGISTRATION FOR 2018 (Y) UTME REGISTRATION FOR 2017 (X) 

  MALE FEMALE MALE FEMALE 

Mean 6515.26 7952.18 6606.34 8307.32 

Median 5973.50 7882.00 6141.50 7512.50 

Variance 19230196.686 13605189.938 19178680.610 16319751.195 

Std. Deviation 4385.225 3688.521 4379.347 4039.771 

Interquartile Range 6869 5383 6459 5661 

Skewness .465 -.034 .433 .111 

Kurtosis -.683 -.485 -.696 -.447 

 

Table 3: shows the MSE and PRE of the Proposed Estimator using data I 
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Table 4: shows the performance of the proposed Estimators in comparison with the existing 

Estimator using Data I 

 ESTIMATOR MSE  PRE 

Classical Mean 

Estimator 
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Table 5: shows the MSE and PRE of the family of the Proposed Estimator using data II 
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Table 6: shows the performance of the proposed Estimators in comparison with the existing 

Estimators using Data II 
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Classical Mean 
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         y  
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Sukhatme 1962 
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=  
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y y

x
 

 

  1765002.5 947.4128 
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y y
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  334336.9 5001.4997 

Kwathekar and 

Ajagonkar 1984 
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x

x C
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x C
 

   

  1764997.2 947.4156 

' +
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x
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y y

x C
 

 

  334336.8 5001.501 

Family o Existing 

Estimator (Ashish et 

al, 2023) 

1
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 +
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x

C x
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C x
 

 

  1708980.4 978.4699 

' 1
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 +
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x

x

C x
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C x
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1 2
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  1763820 948.0479 

1 2

1 2
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B x B
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  334318.3 5001.7777 

 Estimators with 

g=0.25   

Family of proposed 

Estimator 2 '
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st st

st

x
T y
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   254570.84 

 

  6568.647 
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Table 7: Markov Chain Monte Carlo Simulation 

Sample Size 5 10 50 

SN α ϒ c 

REELATIVE 

BIAS MSE 

REELATIV

E BIAS MSE 

REELATIVE 

BIAS MSE 

1 1 0 0 0.0656 0.1467 -0.0835 0.1364 0.0013 0.0100 

2 1 0 1 0.0805 0.1698 -0.0725 0.1386 0.0207 0.0012 

3 1 Cx 0 0.0656 0.1467 -0.0835 0.1364 0.0127 0.0100 

4 1 Cx 1 0.8049 0.1698 -0.0725 0.1386 0.0207 0.0117 

5 Cx B2x 0 0.0699 0.1513 -0.0806 0.1353 0.0149 0.0103 

6 Cx B2x 1 0.0761 0.1612 -0.0755 0.1363 0.0185 0.0111 

7 B1x B2x 0 0.0658 0.1469 -0.0834 0.1363 0.0128 0.0100 

8 B1x B2x 1 0.0803 0.1694 -0.0727 0.1385 0.0206 0.0117 

 

6.0 Conclusion 

In conclusion, this research has successfully devised an innovative, modified generalised research 

ratio-cum-product estimator tailored for finite population mean estimation in two-phase stratified 

'
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c x
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   250233.08 
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   32203.79  51925.128 

1 1
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B x B
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B x B
   254479.78  6570.997 
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1 1
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1 2
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st

st st
st

B x B
T y

B x B
   35713.21  46822.609 
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sampling frameworks. Both theoretical and empirical evidence unequivocally demonstrate the 

proposed estimator's superiority over extant methodologies, thereby marking a significant 

contribution to the field of survey sampling. 

The practical application of this estimator holds considerable promise for enhancing the precision 

of population mean estimates, particularly within the context of two-phase stratified sampling 

designs. 
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