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Abstract

This study evaluates the performance of the Likelihood Ratio Test (LRT), Box’s M test, Nagao’s
Trace test, and Ahmad’s Tau statistics for testing the equality of covariance matrices in
multivariate repeated-measures data. Using extensive Monte Carlo simulations that vary the
number of variables, groups, and sample sizes, the study compares the tests in terms of Type |
error control and statistical power. Results show that while LRT provides high power, it exhibits
inflated Type I error rates in small samples and higher dimensions. Box’s M test consistently
maintains appropriate Type I error rates and demonstrates robust power across diverse scenarios,
making it a reliable choice for moderate-dimensional data. Nagao’s Trace test tends to be
conservative with lower power in smaller samples, and Ahmad’s Tau statistics are overly
conservative, limiting their practical utility. These findings offer guidance for researchers in
biomedical, psychological, and social sciences in selecting suitable methods for covariance matrix
equality testing, emphasizing a balance between Type I error control and statistical power.
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1.0 Introduction

The equality of variance-covariance matrices across groups is a fundamental assumption in many
multivariate statistical procedures, especially in repeated-measures and longitudinal designs. In
these settings, the same subjects are measured multiple times under varying conditions, producing
correlated multivariate data. Accounting for intra-subject correlation reduces variability due to
individual differences and increases statistical efficiency (Field, Miles, & Field, 2012). Accurate
estimation and comparison of covariance matrices are therefore crucial for hypothesis testing and
model validation.

Repeated-measures designs have been widely studied under different terminologies, including
within-subjects ANOVA, treatments-by-subjects ANOVA, and randomized-blocks ANOVA
(Maxwell, Delaney, & Kelley, 2017). Extensions to two-way repeated-measures allow the
assessment of interaction effects across multiple factors over time (Keselman, Algina, &
Kowalchuk, 2001). Central to these analyses is the assumption of homogeneous covariance
structures across groups or conditions; violations can lead to biased inferences, highlighting the
need for robust statistical tools to test covariance equality.
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Classical approaches include Box’s M test (Box, 1949, 1950), which compares pooled and group-
specific covariance matrices under multivariate normality. While widely used, Box’s M is
sensitive to deviations from normality and small sample sizes (O’Brien, 1992; Muirhead, 2009).
Nagao (1973) proposed a trace-based statistic that evaluates covariance equality using the squared
deviations of individual covariance matrices from the pooled matrix. More recently, Ahmad (2021)
introduced three Tau statistics for two-group comparisons, designed to provide robust alternatives
under moderate sample sizes.

Modern studies have addressed limitations of classical tests under non-normal distributions and
high-dimensional data (Srivastava & Yanagihara, 2010; Cai, Liu, & Xia, 2013; Zi & Chen, 2022;
Wang, Liu, & Zhang, 2024). Robust methods for covariance estimation in the presence of outliers
and heavy-tailed distributions have also been developed (Oyeyemi & Ipinyomi, 2010; Vandev &
Neykov, 2000). Recent work (Zhang et al., 2021; Liu & Chen, 2022; Gupta et al., 2023) has
proposed modified test statistics that improve performance in small-to-moderate sample sizes and
under non-normality, highlighting ongoing advances in practical multivariate analysis.

Despite these advances, most high-dimensional methods assume p >n and often rely on
restrictive assumptions, limiting applicability to moderate-dimensional repeated-measures data
where p < n but classical assumptions may still fail. Schott (2001) evaluated Wald-type test
statistics under broader elliptical distributions and demonstrated that the traditional LRT is liberal
under positive kurtosis and conservative under negative kurtosis. He proposed a generalized Wald
test with improved reliability across moderate-dimensional, non-normal contexts.

This study focuses on evaluating the performance of classical and modern test statistics—Box’s
M, LRT, Nagao, and Ahmad’s Tau tests—in scenarios where the number of variables is moderate
relative to the sample size. The objective is to assess Type I error control and statistical power
under varying group numbers, sample sizes, and covariance structures. By empirically
investigating these conditions, the study provides guidance on the practical applicability of existing
methods and identifies their limitations in moderate-dimensional repeated-measures designs.

2.0  Methodology

This section outlines both the theoretical framework and simulation procedures used to evaluate
the performance of various test statistics for assessing the equality of covariance matrices. The
statistical methods reviewed include the Likelihood Ratio Test (LRT), Box’s M Test, Nagao’s
Trace Test, and three competing statistics introduced by Ahmad (2021).

2.1 Test Statistics Framework

T . . .
LetX; = (X{}, X[, ..., X],,) denote an n; X p matrix of observations from the i-th group, drawn

)

from a p-variate normal distribution NV, (u;, Z;). Define n = };_; n; as the total sample size.

The sample mean and sample covariance matrix for group i are given by:

n; ni
_ 1 N 1 _ _
Xi=— ) Xix, ;= 1 Z(Xik - X)) X — X7 (2.1
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To test the hypothesis:
Ho:zl 222 = e =2g :z, (22)
Box (1949, 1950) proposed the following LRT-based test statistic:

C=01-wM, (2.3)
where:
g
M =m-g)h|Z - Z(ni — 1D n|Z],
i=1
R 1, WAl 0
¢ _;(ni—l)_n—g' S 6(pt+D@-1)’ u = ab.

The pooled covariance matrix is defined as:

g
.1 -
T=—> - D 25
=5 2,(u= DT (25)

Under multivariate normality, C follows a chi-square distribution asymptotically with degrees of
freedom:

1
f=5p+1D@-1 (2.6)

Nagao (1973) proposed a trace-based alternative:

g
1 .
N=2) o [(E£ - 1)2], 2.7)
=1

l

where I is the identity matrix.

Ahmad (2021) introduced three alternative test statistics for the two-group case (g = 2):
T, =t(Z.231),
T, =tr [21(21 + 22)_1].

B+ 5

B

(2.8)

T3

2.2 Data-Generating Procedure

A simulation study was conducted to empirically assess the performance of the test statistics under
varying conditions.
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1. Type I Error Evaluation: Data for all groups were generated from the same multivariate
normal distribution Np(u, ) representing the null hypothesis.

2. Power Evaluation: Data for each group were generated from distinct multivariate
normal distributions Np(u, 2;) with different covariance matrices, representing the
alternative hypothesis.

3. Covariance Matrices: Pre-specified population covariance matrices were used to
provide controlled scenarios for evaluating both Type I error and statistical power under
known structures.

4. Iteration: The simulations were repeated k times to ensure stability of results. Empirical
Type I error and power were computed as the proportion of hypothesis rejections across
iterations.

5. R Implementation: Seed initialization (set.seed(42)) and mvrnorm() from the MASS
package are used for reproducibility.

3.0 Discussion of Results

This section presents a detailed evaluation of the performance of various statistical tests used for
assessing the equality of covariance matrices across multiple groups. The evaluation focuses on
Type I error rates and power under different combinations of dimensionality (p) and number of
groups (g) across varying sample sizes. The results are interpreted in the context of practical
applicability and robustness of the Likelihood Ratio Test (LRT), Box’s M test, Nagao test, and
Ahmad’s Tau tests.

Table 1: Comparison of Type I error rates for LRT, Box’s M, Nagao, and Tau tests at
varying sample sizes.

Sample Size LRT Box’s M Nagao Taul Tau2

10 0.120 0.047 0.030 0.207 0.380
20 0.071 0.053 0.022 0.027 0.178
30 0.073 0.058 0.026  0.005 0.077
50 0.057 0.053 0.029 0.001 0.026
80 0.064 0.061 0.031 0.000 0.009
100 0.055 0.051 0.030 0.000 0.004
200 0.056 0.053 0.027  0.000 0.000
300 0.046 0.046 0.026  0.000 0.000
500 0.040 0.039 0.026  0.000 0.000

At small sample sizes, the Likelihood Ratio Test (LRT) tends to be slightly liberal, exceeding the
nominal 0.05 Type I error level, whereas Box’s M and Nagao tests remain closer to the nominal
level, indicating better control of false positives, as shown in Table 1. Taul and Tau2 tests are
overly conservative or unstable at small sample sizes, with very low or zero Type I errors,
indicating potential under-rejection when the null hypothesis is true. As sample size increases,
LRT, Box’s M, and Nagao tests show improved adherence to the nominal level, confirming their
suitability for moderate to large sample sizes.
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Table 2: Empirical power of LRT, Box’s M, Nagao, and Tau tests across different sample

sizes.
Sample Size LRT Box’s M Nagao Taul Tau2
10 0.171 0.069 0.030 0.074 0.144
20 0.194 0.129 0.059 0.001 0.015
30 0.297 0.260 0.159 0.000 0.001
50 0.480 0.455 0.348  0.000 0.001
80 0.708 0.692 0.622  0.000 0.000
100 0.821 0.808 0.760  0.000 0.000
200 0.991 0.991 0.987 0.000 0.000
300 0.998 0.998 0.998  0.000 0.000
500 1.000 1.000 1.000  0.000 0.000

The power results in Table 2 show that LRT, Box’s M, and Nagao tests substantially increase their
ability to detect true differences in covariance matrices as the sample size grows. Nagao test tends
to have slightly lower power compared to LRT and Box’s M at small sizes, but catches up at larger
sizes. Taul and Tau2 tests demonstrate negligible power, reinforcing the earlier observation that
these tests may be too conservative or unsuitable for moderate sample sizes and dimension
configurations.

Table 3: Type I error rates of LRT, Box’s M, and Nagao tests for three variables and three

groups.
Sample Size LRT Box’s M Nagao
10 0.315 0.057 0.057
20 0.125 0.058 0.015
30 0.107 0.064 0.017
50 0.069 0.055 0.014
80 0.059 0.053 0.012
100 0.057 0.052 0.013
200 0.055 0.053 0.010
300 0.066 0.062 0.014
500 0.049 0.047 0.011

For p =3 and g = 3 in Table 3, LRT exhibits substantial Type I error inflation at very small
sample sizes, far exceeding the nominal level. Box’s M and Nagao tests maintain better control,
with error rates closer to the nominal 0.05 level across all sample sizes. This suggests that for
higher dimensions or more groups, Box’s M and Nagao are more reliable for Type I error control
in small to moderate sample sizes.

434
ISSN NUMBER: 1116-249X



Akinboro and Oyeyemi

JRSS-NIG. Group Vol. 2(2), 2025, pg. 430- 440

Table 4: Power comparison of LRT, Box’s M, and Nagao tests for p=3 and g = 3.
Sample Size LRT

Box’s M Nagao

10
20
30
50
80
100
200
300

0.435
0.516
0.746
0.957
0.997
1.000
1.000
1.000

0.095 0.058
0.334 0.088
0.645 0.380
0.943 0.854
0.997 0.991
1.000 1.000
1.000 1.000
1.000 1.000

Power improves significantly for all tests as the sample size increases, as shown in Table 4. LRT
generally outperforms Box’s M and Nagao in power at small to moderate sizes, but suffers from
inflated Type I errors, as seen earlier. Nagao test remains more conservative but gains power
rapidly with increasing sample size, balancing power and error control effectively.

Table 5: Type I error rates for LRT, Box’s M, and Nagao tests with four variables and four
groups.

Sample Size LRT

10
20
30
50
80
100
200
300
500

0.712
0.195
0.116
0.079
0.076
0.066
0.062
0.077
0.050

Box’s M Nagao

0.163 0.075
0.064 0.009
0.050 0.002
0.047 0.003
0.059 0.005
0.053 0.004
0.054 0.003
0.069 0.003
0.047 0.004

Table 5 shows that as dimensionality increases to 4 variables and 4 groups, LRT shows extreme
Type I error inflation at small sample sizes, which reduces but remains above nominal levels.
Box’s M and Nagao tests remain stable but slightly conservative. This indicates that LRT
assumptions break down in higher dimensions and small samples, making Box’s M and Nagao

preferable.
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Table 6: Power of LRT, Box’s M, and Nagao tests for four variables and four groups.

Sample Size LRT Box’s M Nagao

10 0.817 0.170 0.078
20 0.830 0.563 0.117
30 0.964 0911 0.577
50 0.998 0.997 0.983
80 1.000 1.000 1.000
100 1.000 1.000 1.000
200 1.000 1.000 1.000
300 1.000 1.000 1.000
500 1.000 1.000 1.000

Power is high for all tests as sample sizes increase, with LRT maintaining the highest power but
at the cost of inflated Type I error in Table 6. Box’s M provides a good balance between power
and error control. Nagao test lags in power at small sample sizes but rapidly approaches full power
at moderate sizes.

Table 7: Type I error rates for LRT, Box’s M, and Nagao tests with five variables and five
groups.

Sample Size LRT Box’s M Nagao

10 NaN NaN NaN
20 0.301 0.072 0.011
30 0.148 0.049 0.002
50 0.113 0.054 0.001
80 0.076  0.049 0.001
100 0.071 0.046 0.000
200 0.065 0.056 0.002
300 0.041 0.034 0.000
500 0.058 0.053 0.002

Table 7 provides that at five variables and five groups, LRT has unstable results at very small
sample sizes (NaNs), and inflated Type I error at low sample sizes. Box’s M and Nagao maintain
well-controlled error rates throughout, affirming their robustness in complex settings.
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Table 8: Power of LRT, Box’s M, and Nagao tests for five variables and five groups.
Sample Size LRT Box’s M Nagao

10 NaN NaN NaN
20 0.969 0.694 0.083
30 0.996 0.979 0.698
50 1.000 1.000 1.000
80 1.000 1.000 1.000
100 1.000 1.000 1.000
200 1.000 1.000 1.000
300 1.000 1.000 1.000
500 1.000 1.000 1.000

Despite unstable LRT performance at very small samples, all tests achieve perfect power at
moderate to large sample sizes, confirming that they effectively detect true covariance differences
when sample size permits, as shown in Table 8.

Conclusion

This study evaluated the performance of several test statistics for assessing the equality of
covariance matrices in multivariate repeated-measures settings, focusing on scenarios with
moderate numbers of variables relative to sample size. Extensive simulations examined the
Likelihood Ratio Test (LRT), Box’s M test, Nagao test, and Ahmad’s Tau statistics in terms of
Type I error control and statistical power across varying dimensions, numbers of groups, and
sample sizes.

The results show that Box’s M test consistently maintains appropriate Type I error rates and
demonstrates strong power across a wide range of conditions, particularly with moderate to large
sample sizes. In contrast, LRT exhibits inflated Type I errors in small samples and higher
dimensions. Nagao’s test tends to be conservative with lower power in small samples, and
Ahmad’s Tau statistics are often overly conservative, failing to reject the null hypothesis under
alternative scenarios.

Overall, Box’s M test is highlighted as a robust and reliable method for testing covariance matrix
equality in moderate-dimensional multivariate data, particularly in repeated-measures designs
commonly encountered in biomedical, psychological, and social science research. These findings
provide practical guidance for selecting appropriate tests in studies where classical assumptions
may be challenged.
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