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Abstract 

An efficient short cut method for computing the coefficients of the best linear unbiased 

estimator (BLUE) of the population mean for correlated random variables with a defined 

covariance structure has been proposed in the paper. For correlated random variables with a 

moving average process of order one covariance structure, the existing method involves 

minimizing the variance of BLUE subject to the linear constraint that arises from the 

unbiasedness condition. To propose a new efficient short cut method, the symmetric pattern 

of BLUE’s vector of coefficients or weights was generalized using mathematical induction. 

The existing quadratic programming problem was further simplified to obtain an efficient 

short cut computational method by adding the developed symmetric pattern of the vector of 

coefficients, along with the unbiasedness condition, as constraints. Hence, it reduces the 

computational time and complexity involved in evaluating the covariance and/or correlation 

matrix of the correlated variables. The efficacy of the proposed efficient method was 

demonstrated with ease through the applicability of the method to compute the algebraic 

expressions of weights or coefficients of BLUE when the number of observations; kn 2=  and 

12 += kn  at fixed 8,...,2,1=k . Then, the estimates of BLUE’s weights when the number of 

observations; 2;12 =+= kkn  were computed as an illustrative example. Empirical example 

on BLUE’s weights computation was demonstrated using four purposively selected real life 

data sets (each with varying sample sizes) that admit moving average process of order one.  

The results indicate that BLUE’s weights computed using the proposed method estimate 

population mean with high precision than the arithmetic mean (AM) across the varying 

sample sizes of the four purposively selected data sets. 

Key words: Moving average process, Best linear Unbiased Estimator, Arithmetic Mean 

1. Introduction 

One of the most important indicators of location measurements in statistics used in classical 

inference is the population mean ( ). Care is taken while computing the population mean 

because it is crucial to achieving equilibrium or stability for all other properties (Montgomery 

et al, 2015). The population mean is frequently estimated using the arithmetic mean, median, 

and mode. In contrast to the median and mode, the arithmetic mean (AM) is the most popular 

since it is easy to calculate, understand, and apply all of the observations in a dataset. It can 

also be mathematically adjusted. The AM is the best linear unbiased estimator (BLUE) for the 

population mean when the sequence of variables is independent and identically distributed because it 

is efficient, sufficient, consistent, and unbiased estimator of    (Montgomery et al., 2015; Hogg, 

McKean and Craig, 2019). However, this assertion is not generally true for a sequence of 

correlated but identically distributed variables, nXXX ,,, 21  , with mean ( ) , variance 

( )2 , covariances ( )( )kR  and correlation ( )k  coefficients are given as (Chatfield, 2004; 

Box et al, 2016); 

( ) niXE i ,...,2,1==                  (1.1) 

( ) ( )    2222 var  −=−== tii XEXEX                (1.2)

( ) ( ) ( ) 22 ,,  −==−= −+ kiikii XXEXXEkR                (1.3) 

( )
( )

...,2,1,
0

== k
R

kR
k                           (1.4) 
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The arithmetic mean (AM) ( )nX   in this scenario represented by the equal weighted linear 

combination of the variables shown in the mathematical structure; 

 
=

=
n

i

in X
n

X
1

1
                           (1.5) 

while, the vector space structural form is represented as;  

 
T

nnn

T

nnX XβXβ ==
~

                        (1.6) 

      The expectation of AM is; 

   nXE n =                   (1.7) 

and variance is computed as (Chatfield, 2004); 

( )ρβ ,)0()(var nn SRX =                     (1.8) 

( ) 







−+= 

−

=

1

1

)1(21
1

,
n

k

kn
n

k

n
S ρβ                (1.9) 

for large n , 11 −
n

k
. Thus (Chatfield, 2004), 









+= 



=1

2
)0(

)(var
k

kn n
n

R
X                (1.10) 

where  n  is the number of observations, also referred as the sample size, nβ  is an ( )1n  

vector of the sequence of coefficients; 
nnn

1
,...,

1
,

1
 and nX  is an ( )1n  vector of correlated 

but identically distributed observations; 
nXXX ,...,, 21
. With a large sample size, the AM is 

an unbiased and reliable estimator of the mean for a series of correlated variables. When there 

are few observations ( 4030 orn  ), it is not necessarily a reliable and effective estimate of 

the population mean (Michael, 1986; Chatfield, 2004; Box et al, 2016). The AM estimate of 

the population mean is questionable since, in the case of a few observations; the covariance 

of the data observations either increases or decreases (Allen, 1939; Michael, 1986; Hill et al, 

2011; Box et al, 2016). The influence of the covariance of the data observations on the AM 

estimate of the mean has directed research towards determining the best unbiased estimate of 

the population mean. The best unbiased estimate for the mean of a short autoregressive time 

series and the derivation of the best linear unbiased estimate (BLUE) for the slope parameter 

of sequence of Chain Base Estimation (CBE) derived variables of time series are two 

examples of published research (Pham and Tran, 1992; Iwueze et al, 2011; Iwueze et al, 

2012). However, the development of best linear unbiased estimate for the mean of correlated 

variables has been observed to be a herculean task because coefficients or weights of BLUE 

are unknown, practically difficult to compute, and analyst avoids computing the coefficients 

or weights but, rather use the AM even when variables are correlated (Michael, 1986; Box et 

al, 2016). But, having realized that the problem of using BLUE lies in the ability of 

practitioners to compute the coefficients or weights, this paper will develope an efficient 

short cut method that will enhance ease of computing the coefficients or weights of BLUE 

when the correlated variables have moving average process of order one covariance structure. 

To do this, consider generalized weighted linear combination of the correlated variables, 

which shall be called the linear unbiased estimator (LUE) ( )nX
~

  of the mean, whose 

mathematical structural form is represented as (John, 1965);  

 0;
~

1

=
=

i

n

i

iin XX               (1.11) 

while, the vector space structural form is represented as; 

 0;
~

== n

T

nnn

T

nnX αXαXα                      (1.12) 
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where  nα  is an ( )1n  vector of the sequence of coefficients or weights of nX
~

; 

n ,...,, 21
, 

T

nα  is the transpose of nα , nX  is an ( )1n  vector of sequence of correlated 

observations; 
nXXX ,...,, 21
 and 

T

nX  is the transpose of 
nX . The expectation of nX

~
 is; 

 ( ) ( ) 
==

==
n

i

i

n

i

iin XEXE
11

~
               (1.13) 

The estimator is expected to be unbiased. That is; 

 ( ) ( )  === 
==

n

i

i

n

i

iin XEXE
11

~
              (1.14) 

Hence, the necessary condition for unbiasedness implies that 

 1
1

=
=

n

i

i                  (1.15) 

The variance of nX
~

 is evaluated to be 

  ( ) ( ) ( )nn SRX α0
~

var =                       (1.16) 

 ( ) 
−

=

−

=

+

=

+=
1
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2
2

n

k

kn

i

kiik

n

i

inS α              (1.17) 

where ( )0R  is the variance of the correlated sequence of observations considered to be a 

constant. nX
~

 is a suboptimal method which is considered to be BLUE if it leads to obtaining 

unbiased estimate of mean with minimal possible variance as well as least computing time of 

assessment. For optimality of nX
~

 in order to obtain minimal possible variance, first, the 

covariance structure of the correlated variables must be estimated. The autoregressive, 

moving average and autoregressive moving average covariance structures are some well-

known structures for correlated observations (Chatfield, 2004; Box et al, 2016; Brockwell & 

Davis, 2016). As a result of these diverse covariance structures, algebraic expression for 

computing the estimates of  nα  coefficients or weights of nX
~

 differs from one correlated 

series structure to another. Secondly, nα  weights must be efficiently computed and such 

problem reduces to solving the quadratic programming problem posed by minimizing 

variance of nX
~

 subject to the unbiasedness property; since the variance of the correlated 

sequence of observations are considered to be a constant; (Iwueze et al, 2015a, b). That is; 

  

( ) ( )

( )















=

=


=

0

1:..

~
var

1

n

n

i

i

nn

tStosubject

SMinXMin

α

α

                     (1.18) 

An attempt made to solve the resulting mathematical problem using the method of moments 

affirmed that it becomes tedious to obtain algebraic expressions for estimating nα  weights as 

the number of observations increases (Iwueze et al, 2015b). Therefore, our target is to 

propose an efficient short cut method for obtaining expressions suitable for computing 

estimates of nα  weights as the number of correlated observations increases. This proposed 

method which provides computational shortcuts for computing nα  coefficients or weights of 

nX
~

  with ease as the number of correlated observations increases is a major contribution of 

this work to the mathematical literature. Hence, this paper has been divided into sections for 

effective discussions on the realization of the subject matter. The materials and method is 
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discussed in Section 2, Section 3 is devoted for results and Discussion, Section 4 discusses 

application while, Section 5 Concludes. 

2. Materials and Method 

2.1  The Covariance Structure of the Moving Average Process of Order one 

The covariance structure of moving average process of order q , ( )( )1,qMA =q  will  

be utilized while deriving the weights of the best linear unbiased estimator (BLUE). The 

structural form representation of ( )1MA  process is (Box et al, 2016);   

 ( ) tttt aBaaX 10110 1  −+=+−= −                (2.1) 

where ta  is a white noise process with zero mean and constant variance 
2

a , 1  is a real 

coefficient, 
0  is a constant and B  is the backward shift operator. ( )1MA  process is always 

stationary but it is invertible if 11  . The expectation of ( )1MA  process is; 

 ( ) 0=tXE                    (2.2) 

The autocovariance ( )( )kR  of (2.1) is; 

 ( )

( )












=−

=+

=

1,0

1,

0,1

2

1

22

1

k

k

k

kR a

a





                 (2.3) 

while,  the autocorrelation ( )k  function of (2.1) is; 















=
+

−

=

=

1,0

1,
1

0,1

2

1

1

k

k

k

k



                  (2.4) 

Throughout the discussion, we shall assume that  =1
 while deriving the BLUE ‘s weights. 

2.2 Pattern Recognition of Unknown Weights of Best Linear Unbiased Estimator  

First, the Langrangian Multiplier Method (Humayun,1990; Inyama, 2007) was utilized in 

solving the quadratic programming problem (1.23) in order to compute the unknown weights 

( ) T

nn  ,...,, 21=α  of best linear unbiased estimator (BLUE) for even and odd number of 

observations; 2,1fixedat12and2 =+== kknkn . Since ( )0R  is considered to be a 

constant, Equation (1.23) reduces to; 

  

( ) ( )

( )


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tStosubject

SMinXMin

α
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                     (2.5) 

The algorithm for the application of the Langrangian Multiplier Method is; 

Step One: Re-write the quadratic programming problem (2.5) in standard condensed form as; 

 

( )
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
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
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


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=

=
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n
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n
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nn

tStosubject

SMin

α

α1

αραα

                (2.6) 

where  nα  is the ( )1n  vector of unknown weights for BLUE coefficients n ,...,, 21 , nρ   

is the ( )nn  correlation matrix of the correlated random variables with moving average 

process of order one covariance structure and n1  is the ( )1n  identity vector with one as the 

only entries. 
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Step Two: Form the Langrangian Multiplier function as; 

 ( ) ( ) ( )11, −−=−−= n

T

nnn

T

nn

T

nnn

T

nnL 1ααραα1αραα          (2.7) 

where    is the Langrangian Multiplier constant and n

T

n α1  is a scalar. 

Step Three: Differentiate (2.7) partially with respect to α and   using the method of 

Calculus, equate to zero as; 

 
( )

02
,

=−=



nnn

nL
1αρ

α

α



                (2.8) 

 
( ) ( ) ( ) 011

,
=−−=−−=




n

T

nn

T

n

nL
1αα1

α




              (2.9) 

Step Four: Solve Equations (2.8) and (2.9) simultaneously to obtain the expression for 
nα  as 

0α and   as 0   at 2,1fixedat12and2 =+== kknkn ; 

nn

T

n

nn

1ρ1

1ρ
α

1

1

0 −

−

=                 (2.10) 

 

nn

T

n 1ρ1
10

2
−

=                 (2.11) 

where  
1−

nρ  is the inverse of Matrix nρ . Computations of BLUE’s weights are 

demonstrated for cases A through D, when the covariance structure of the correlated random 

variables has moving average process of order one (MA(1)) structure, in Appendices I 

through IV. The result in Appendices I through IV shows that the existing pattern in BLUE 

Weight’s when 2,1fixedat12and2 =+== kknkn .are; 

 



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               (2.12) 
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              (2.13) 

2.3 Pattern Generalization of the Best Linear Unbiased Estimator (BLUE) vector of 

coefficients  

The principle of mathematical induction (see Proposition 2.1) will be utilized to 

establish a general pattern for the ( )1n  Best Linear Unbiased Estimator (BLUE) vector of 

coefficients or weights, ( )T

nn  ,...,, 21=α . The generalized pattern will be utilized to 

define symmetric relationship existing among BLUE’s vector of coefficients or weights. 

Proposition 2.1 (Principle of Mathematical Induction): If with each positive integer n , 

there is associated a statement nU , then every statement nU  is true provided the following 

conditions hold: 

i. 1U  is true. 

ii. Whenever k  is a positive integer such that kU  is true, then 1+kU  is also true. 
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Proof: See Earl (1988). 

Then, the generalization of the Pattern for the ( )1n  vector of coefficients or weights, 

( )T

nn  ,...,, 21=α , of BLUE are derived for Case one: when n  is even;  

2,12 == kkn  and Case Two: when n is odd; 2,112 =+= kkn  using postulate of 

Proposition 2.1. 

Case one: when sample size is even;  2,12 == kkn  

It has been established that for such case in, 


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At 21 =U ; ( )212 ,
~

=X  such that 21  =   (True) 

At 42 =U ; ( )43214 ,,,
~
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  at kU k 2= ; kddUd k
,...,2,1;1 == +− . 

Then at ( )121 +=+ kU k ; ( ) ( )( )122112 ,...,,
~
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  at ( )121 +=+ kU k ; 01,...,2,1;11
+== +−+

kanyforandkddUd k
 .  

Therefore, generally for ...,2,1fixed2 == kkn  

 0,...,2,1;1 == +− kanyforandkddUd k
             (2.15) 

Case Two: when sample size is odd;  ...,2,1fixed12 =+= kkn  

The generalization for the case when the sample size is even will be established in this 

Section. It has been established that for case two, 
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At 31 =U ; ( )3213 ,,
~

=X  such that 

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
 =

distinctis2
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At 52 =U ; ( )543214 ,,,,
~

=X  such that 
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  at ( ) 1121 ++=+ kU k ; 
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Therefore, generally for ...,2,1fixed12 =+= kkn  

 






=

==

−+

+−

distinctis

0,...,2,1;

1

1

knk
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.            (2.17) 

We have established symmetric relationship in Vector Algebra using the Principle of 

Mathematical Induction. What is a symmetric vector? It will be defined based on whether the 

size of the vector is odd or even.  

Definition 2.1: Let ( )T

nn  ,...,, 21=α be an ( )1n  vector of coefficients. Then, nα  is 

said to be an even symmetric vector iff; 

i. the number of observations n equal to k2 in size for any fixed positive interger k , 0k  ii. 

for any fixed positive interger k , 0k , the pattern of the entries or elements or coefficients 

of the vector are such that kddnd ,...,2,1;1 == +− . iii. line of symmetry passes through 

the mid-point of the value 
2

1+n
 between the two successive coefficients k  and 1+k . 

Definition 2.2: Let ( )T

nn  ,...,, 21=α be a ( )1n vector of coefficients. Then, nα  is said 

to be an odd symmetric vector iff;   

i. the number of observations n equal to 12 +k in size for any fixed positive interger k ,   

0k . ii. for any fixed positive interger k , 0k , the pattern of the entries or elements or 

coefficients of the vector are such that kddnd ,...,2,1;1 == +−  and knk −+ = 1  is 

distinct. iii. line of symmetry passes through the point corresponding to the coefficient 1+k  

for any fixed positive interger k , 0k . 
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See Figures 2.1 and 2.2 for Symmetric representation of BLUE’s vector of weights when 

...,2,1;2 == kkn and ...,2,1;12 =+= kkn  respectively. 

2.4 An Efficient Short Cut Method for Computing Weights or Coefficients of the Best 

Linear Unbiased Estimator (BLUE)   

The proposed efficient short cut method, devised to reduce the time of assessment and 

eliminate computational complexity involved in computing the covariance matrix 

( )nfixedforn ;ρ  of correlated random variables as number of observations n  increases, was 

obtained by adding the generalized pattern of BLUE’s vector of coefficients or weights to 

quadratic programming problem (1.23) as; 

( )


















==

=

+=

+−

=

−

=

−

=

+

=





0,...,,

1int;,...,2,1;

1:..

2)
~

(var

21

1

1

1

1 11

2

n

dnd

n

i

i

n

k

kn

i

kiik

n

i

inn

nandkergerfixedanyforkd

tS

SMinXMin







α

                 (2.18) 

The quadratic programming problem (2.18) reduces to standard condensed form, after 

substituting the pattern of the coefficients in the objective function and unbiasedness linear 

constraint, as; 

( )














=

=

h

tS

SMin

h

h

T

h

hh

T

hh

0

1:..

α

αJ

ααα 

             (2.19) 

where hα  is the ( )1h  vector of unknown weights for BLUE coefficients, 
hJ  is the ( )1h  

vector of constants, 
hρ  is the ( )hh  correlation matrix of the correlated random variables 

and; 

 










+=
+

=

=

0intergerpositivefixedanyfor12;
2

1

0intergerpositivefixedanyor2;
2

kkn
n

kfkn
n

h                 (2.20) 

The Langrangian multiplier Model was obtained as;  

( ) ( ) ( )11, −−=−−= h

T

hhh

T

hh

T

hhh

T

hhL JααρααJαραα           (2.21) 

where    is the Langrangian Multiplier constant and
 h

T

h α1  is a scalar. The Langrangian 

Multiplier Model was minimized to obtain; 

 
( )

hhh

h

hL
Jαρ

α

α



−=




2

,
                     (2.22) 

 
( )

( ) ( )11
,

−−=−−=



h

T

hh

T

h

hL
JααJ

α




            (2.23) 

The resulting mathematical expression for obtaining the estimates of hα  as 0hα  and   were 

obtained as; 

 

hh

T

h

hh

h
JρJ

Jρ
α

1

1

0 −

−

=                 (2.24) 

 
hh

T

h JρJ
10

2
−

=                 (2.25) 
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where  
1−

hρ  is the inverse of Matrix 
hρ  and 

0  is the Langrangian constant. For a moving 

average process of order one, the vector of constants and correlation matrix of the correlated 

random variables when the sample size is even;

,0intergerpositivefixedanyforand2 == kkhkn    is given as; 

 T

h 2...22=J                (2.26) 

and  

 

( )







































+

=

















12200...0000

2220...0000

0222...0000

0022...0000

...........

...........

...........

0000...2200

0000...2220

0000...0222

0000...0022

hρ                 (2.27)  

while, the vector of constants and correlation matrix of the correlated random variables, when 

12 += kn and 1+=kh for any positive interger 0k , are given as; 

  T

h 12...22=J                (2.28)

and  

 









































=

1200...0000

2220...0000

0222...0000

0022...0000

...........

...........

...........

0000...2200

0000...2220

0000...0222

0000...0022

















hρ                 (2.29) 

where    is the correlation of the correlated variables with moving average structure of order 

one. Then, demonstration on the applicability of the proposed method to compute the 

algebraic expressions of the weights or coefficients of BLUE are shown in Appendices V and 

VI for kn 2=  and 12 += kn at fixed 2=k . An illustrative example on computation of the 

estimates of the weights or coefficients of BLUE were also executed for 12 += kn at fixed 

2=k . 

 

3.0 Results and Discussion  

When the sample size ( )n  is even or odd; 8,...,2,1122 =+== kknorkn ., Tables 4.1 and 

4.2 display the algebraic formulae for calculating the coefficients or weights of the best linear 

unbiased estimator (BLUE) for correlated variables that admits the covariance structure of the 

moving average process of order one. The findings in Tables 4.1 and 4.2 demonstrate that the 
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covariance of the correlated variables with the moving average process structure determines 

the coefficients or weights of BLUE. When the sample size is even, the vector of coefficients 

or weights of the best linear unbiased estimator (BLUE) is even symmetric in nature. When 

the sample size is odd, the vector of coefficients or weights of BLUE is odd symmetric in 

nature. In addition, the weights of the two estimating techniques (arithmetic mean (AM) and 

Best Linear Unbiased Estimator (BLUE)) are equal term by term when the correlation value 

is zero and at sample size equal to two. The estimation of BLUE weights or coefficients with 

sample size 12 += kn at fixed 2=k  are shown in Table 4.3. For a sequence of correlated 

variables with an MA(1) covariance structure, the results in Table 4.3 demonstrate that the 

sum of the estimates of BLUE's weights or coefficients is unity, indicating that each set of 

values at a particular correlation point leads to the realization of an unbiased estimate of the 

population mean. The variance of BLUE and AM at corresponding correlation values and 

constant sample size of five; 12 += kn at fixed 2=k ;  are displayed in Table 4.4. With the 

exception of the instances where the correlational value's significance is in doubt, Table 4.4's 

data demonstrate that BLUE has higher precision than AM. 

4.0 APPLICATION 

Empirical demonstration on the use of the proposed efficient short cut method for computing 

weights of best linear unbiased estimator (BLUE) of the population mean of correlated 

variables was illustrated using real life data that admits moving average process of order one 

(MA(1)). The real life data is the monthly average exchange of Naira per unit of EURO 

currency for the period January 2004 to December 2018 (CBN, 2021). The first order non-

seasonal differenced series to remove the source of non-stationarity due to mean, also 

regarded as the stationary series due to non-presence of other sources of non-stationarity, 

admits MA(1) process whose parameter estimates, residual sum of squares and  Modified 

Box-Pierce (Ljung-Box) Chi-Square Statistic evaluated using Minitab 22 series Software are 

shown as:  

Final Estimates of Parameters 
Type Coef SE Coef T-Value P-Value 

MA   1 -0.4001 0.0687 -5.82 0.000 

Differencing: 1 regular difference 

Residual Sums of Squares 
DF SS MS 

178 9761.46 54.8397 
Back forecasts excluded 

Modified Box-Pierce (Ljung-Box) Chi-Square Statistic 
Lag 12 24 36 48 

Chi-Square 5.84 16.76 21.04 29.37 

DF 11 23 35 47 

P-Value 0.884 0.821 0.970 0.979 

The modified Box-Pierce (Ljung-Box) Chi-Square test statistic and p-value at the seasonal 

lags; 12, 24, 36 and 48, are not significant because the modified Box-Pierce (Ljung-Box) 

Chi-Square test statistic is less than ( )nln2  tabulated value and p-value at the seasonal lags 

is greater than 0.05 level of significant. Therefore, the hypothesis that the residual is 

independent and identically distributed is not rejected. Similarly, the p value of the estimated 

coefficient of the MA(1) model is less than 0.05 level of significant indicating that the 

estimated coefficient contributes significantly to the behavioral of the MA(1) model. Hence, 

the computation of the BLUE”s weights for correlated variables that admits the covariance 

structure of MA(1) model was demonstrated by purposively selecting four different data sets 

shown in Table 4.5, with varying number of observations equal to ten, eleven, twelve and 

thirteen, from the real life series. Estimates of autocorrelation coefficients across the varying 

sample sizes for the four purposively selected real life data sets shown in Table 4.6 indicate 

that there is a cut off at lag one of the autocorrelation coefficients. The result in Table 4.6 

indicates that all four selected real life data sets admit moving average process of order one. 

Hence, the computation of the estimates of BLUE’s weights and population mean with its 

associated variance was evaluated following the procedural steps;  
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i. Select the initial starting value for the estimate of the autocorrelation coefficient ( )̂  of the 

sequence of correlated variables, ntX t ,...,2,1, = . The best estimate for ̂  is selected by 

considering that ( ) ( )nn XEXE =
~

 
under the null hypothesis and computing the value of the 

autocovariance ( )kd   and/or autocorrelation ( )̂   coefficients of the correlated variables with; 

 ( )( ) ( )( ) ...,1,0,
1

1

=−−
−

= 
=

++ kXEXXEX
kn

d
n

t

ktktttk       (4.1) 

...,1,0,ˆ
0

== k
d

d k

k          (4.2) 

0

1

1
ˆˆ

d

d
==           (4.3) 

ii. Evaluate BLUE’s algebraic expressions at the varying number of observations ( )n  with ̂  

for selected correlated variables, ntX t ,...,2,1, =  in order to obtain the estimates of BLUE’s 

weights at each n . 

iii. Compute the population mean and variance of the correlated variables, ntX t ,...,2,1, =

with the computed estimates of BLUE’s weights in step ii.  

The results in Table 4.7 indicate that the use of AM weights to compute the mean 

over-estimate the mean of the correlated variables with low precision, while BLUE weights 

computed using the new proposed efficient method estimate the mean with high precision 

across the varying sample sizes of the four purposively selected data sets. 

5.0 Conclusion 

An efficient shortcut method for calculating the algebraic weights or coefficients of BLUE 

has been proposed in the literature. The proposed effective technique suggested was used to 

calculate the algebraic weights or coefficients of the best linear unbiased estimator (BLUE) 

for correlated variables with the covariance structure of a moving average process of order 

one when the number of observations ( )n  is even or odd; 8,...,2,1122 =+== kknandkn . 

The proposed method decreases both the evaluation time and the computing complexity 

involved in determining the covariance matrix of BLUE's vector of weights as the number of 

observations rises. An illustrative example to show the applicability of the efficient method in 

computing the weights or coefficients of BLUE was demonstrated for 212 =+= kkn . The 

result from the example shows that BLUE’s weights lead to obtaining reliable and efficient 

estimates of mean at significance values of the correlation. Empirical example on the 

computation of BLUE’s weights was demonstrated using four purposively selected data sets, 

each with varying sample sizes, from a real life data that admits moving average process of 

order one. The use of computed BLUEs weights estimate the mean with high precision, while 

the use of AM weights overestimate the mean of the correlated variables with low precision 

across all varying sample sizes of the four purposively selected data sets. Therefore, the 

efficient short cut method is recommended to practitioners for use in computing the algebraic 

weights or coefficients of BLUE.  

 

1 2 k 1+k k212 −k

2

1+n1

1

2

2

k

k
1+k

1+k

12 −k

12 −k k2

k2 ...

...

...

......

symmetryofLine
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Figure 2.1: Symmetric Representation of BLUE’s vector of weights when 

...,2,1;2 == kkn  Note that 0,,...,2,1;1 == +− kfixedanyforkddnd   and the line of 

symmetry passes through the mid-point value between two successive coefficients k  and 1+k  

Table 4.1: Algebraic Expression of BLUE’s coefficients or weights when sample size khnhkn === and2,2  8,...,2,1=k  

k BLUE coefficients or weights 

1 

  
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
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
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Table 4.2: Algebraic Expression of BLUE’s coefficients or weights when sample size 

2)1(,12 +=+= nhkn  .8,...,2,1=k  

k BLUE coefficients or weights 

1 

( ) 








−

−

−−
=







 =
=

12

1

43

1

2

31

2







α

 
2 

( )
( ) 
















−−

−

−+

−−−
=

















=

=

=
2

2

2

3

42

51

3

1

12

1

85

1














α

 3 





















−

+−

+−−

+−−

+−−
=





















=

=

=

=



















21

21

221

21

86127

1
3

32

32

32

4

53

62

71

4α  

4 























++−−

+−−

−+−−

+−−

++−−

++−−
=























=

=

=

=

=

432

32

432

32

432

432

5

64

73

82

91

5

221

221

321

4221

231

2415169

1























α  

5 



























−++−−

−++−−

+−−

−−+−−

−++−−

−++−−













−+

+−−
=



























=

=

=

=

=

=

5432

5432

32

5432

5432

5432

54

32

6

75

84

93

102

111

6

24221

4221

4221

5221

26321

3341

129

48282011

1





























α  
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6 





























+−++−−

−++−−

−−++−−

−++−−

+−+−−

−++−−

−−++−−













−−+

+−−
=





























=

=

=

=

=

=

=

65432

5432

65432

5432

6532

5432

65432

654

32

7

86

95

104

113

122

131

7

426321

426321

326321

26321

47321

638421

36451

4830

80452413

1

































α  

7 

































−++−−

+−++−−

+−−++−−

+−−++−−

+−++−−

++−++−−

++−++−−

+−−++−−





















+

−−

++

−−
=

































=

=

=

=

=

=

=

=

5432

75432

765432

765432

65432

765432

765432

765432

7

65

43

2

8

97

106

115

124

133

142

151

8

848421

848421

2848421

2748421

2628421

2929421

212510521

4610561

16

4120

66120

662815

1









































α  

Table 4.2 continues: Algebraic Expression of BLUE’s coefficients or weights when sample size 

2)1(,12 +=+= nhkn  .8,...,2,1=k  

K BLUE coefficients or weights 

8 



































++−−++−−

+−−++−−

−+−−++−−

+−−++−−

++−−++−−

+−−++−−

−++−++−−

+−−++−−

++−−++−−





















++

−−

++

−−
=



































=

=

=

=

=

=

=

=

=

8765432

765432

8765432

765432

8765432

765432

8765432

765432

8765432

87

65

43

2

9

108

117

126

135

144

153

162

171

9

4214710521

4214710521

4214710521

6314710521

4413710521

212610521

5216511521

74201012621

4101015671

76

50240

135168

913217

1













































α  
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Table 4.3: Estimates of the weights or coefficients of BLUE for 2,12 =+= kkn   

  
1  2  3  4  5  


=

5

1i

i  

  
1  2  3  4  5  


=

5

1i

i  

 
-0.50 0.1429 0.2286 0.2571 0.2286 0.1429 1 -0.20 0.1768 0.2134 0.2195 0.2134 0.1768 1 

 
-0.49 0.1440 0.2281 0.2558 0.2281 0.1440 1 -0.19 0.1780 0.2128 0.2184 0.2128 0.1780 1 

 
-0.48 0.1451 0.2277 0.2544 0.2277 0.1451 1 -0.18 0.1791 0.2122 0.2173 0.2122 0.1791 1 

 
-0.47 0.1463 0.2272 0.2531 0.2272 0.1463 1 -0.17 0.1802 0.2117 0.2162 0.2117 0.1802 1 

 
-0.46 0.1474 0.2267 0.2517 0.2267 0.1474 1 -0.16 0.1814 0.2111 0.2151 0.2111 0.1814 1 

 
-0.45 0.1486 0.2263 0.2504 0.2263 0.1486 1 -0.15 0.1825 0.2104 0.2141 0.2104 0.1825 1 

 
-0.44 0.1497 0.2258 0.2490 0.2258 0.1497 1 -0.14 0.1837 0.2098 0.2130 0.2098 0.1837 1 

 
-0.43 0.1508 0.2253 0.2477 0.2253 0.1508 1 -0.13 0.1848 0.2092 0.2120 0.2092 0.1848 1 

 
-0.42 0.1520 0.2248 0.2464 0.2248 0.1520 1 -0.12 0.1860 0.2086 0.2110 0.2086 0.1860 1 

 
-0.41 0.1531 0.2244 0.2451 0.2244 0.1531 1 -0.11 0.1871 0.2079 0.2100 0.2079 0.1871 1 

 
-0.40 0.1542 0.2239 0.2438 0.2239 0.1542 1 -0.10 0.1883 0.2073 0.2090 0.2073 0.1883 1 

 
-0.39 0.1554 0.2234 0.2425 0.2234 0.1554 1 -0.09 0.1894 0.2066 0.2080 0.2066 0.1894 1 

 
-0.38 0.1565 0.2229 0.2412 0.2229 0.1565 1 -0.08 0.1906 0.2059 0.2070 0.2059 0.1906 1 

 
-0.37 0.1576 0.2224 0.2399 0.2224 0.1576 1 -0.07 0.1917 0.2052 0.2061 0.2052 0.1917 1 

 
-0.36 0.1588 0.2219 0.2386 0.2219 0.1588 1 -0.06 0.1929 0.2045 0.2052 0.2045 0.1929 1 

 
-0.35 0.1599 0.2214 0.2374 0.2214 0.1599 1 -0.05 0.1941 0.2038 0.2043 0.2038 0.1941 1 

 
-0.34 0.1610 0.2209 0.2361 0.2209 0.1610 1 -0.04 0.1952 0.2031 0.2034 0.2031 0.1952 1 

 
-0.33 0.1621 0.2204 0.2349 0.2204 0.1621 1 -0.03 0.1964 0.2023 0.2025 0.2023 0.1964 1 

 
-0.32 0.1633 0.2199 0.2336 0.2199 0.1633 1 -0.02 0.1976 0.2016 0.2016 0.2016 0.1976 1 

 
-0.31 0.1644 0.2194 0.2324 0.2194 0.1644 1 -0.01 0.1988 0.2008 0.2008 0.2008 0.1988 1 

 
-0.30 0.1655 0.2189 0.2312 0.2189 0.1655 1 0.00 0.2000 0.2000 0.2000 0.2000 0.2000 1 

 
-0.29 0.1667 0.2184 0.2300 0.2184 0.1667 1 0.01 0.2012 0.1992 0.1992 0.1992 0.2012 1 

 
-0.28 0.1678 0.2178 0.2288 0.2178 0.1678 1 0.02 0.2024 0.1984 0.1984 0.1984 0.2024 1 

 
-0.27 0.1689 0.2173 0.2276 0.2173 0.1689 1 0.03 0.2036 0.1975 0.1977 0.1975 0.2036 1 

 
-0.26 0.1700 0.2168 0.2264 0.2168 0.1700 1 0.04 0.2049 0.1966 0.1970 0.1966 0.2049 1 

 
-0.25 0.1712 0.2162 0.2252 0.2162 0.1712 1 0.05 0.2061 0.1958 0.1963 0.1958 0.2061 1 

 
-0.24 0.1723 0.2157 0.2241 0.2157 0.1723 1 0.06 0.2073 0.1948 0.1956 0.1948 0.2073 1 

 
-0.23 0.1734 0.2151 0.2229 0.2151 0.1734 1 0.07 0.2086 0.1939 0.1950 0.1939 0.2086 1 

 
-0.22 0.1746 0.2146 0.2218 0.2146 0.1746 1 0.08 0.2098 0.1929 0.1944 0.1929 0.2098 1 

 
-0.21 0.1757 0.2140 0.2206 0.2140 0.1757 1 0.09 0.2111 0.1920 0.1938 0.1920 0.2111 1 
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Table 4.3 continues: Estimates of the weights or coefficients of BLUE for 2,12 =+= kkn  

  

1  2  3  4  5  


=

n

i

i

1

  

  

1  2  3  4  5  


=

n

i

i

1

  

0.10 0.2124 0.1909 0.1933 0.1909 0.2124 1 0.31 0.2450 0.1568 0.1964 0.1568 0.2450 1 

0.11 0.2137 0.1899 0.1928 0.1899 0.2137 1 0.32 0.2471 0.1540 0.1978 0.1540 0.2471 1 

0.12 0.2150 0.1888 0.1924 0.1888 0.2150 1 0.33 0.2493 0.1510 0.1994 0.1510 0.2493 1 

0.13 0.2164 0.1877 0.1920 0.1877 0.2164 1 0.34 0.2515 0.1478 0.2013 0.1478 0.2515 1 

0.14 0.2177 0.1865 0.1916 0.1865 0.2177 1 0.35 0.2539 0.1444 0.2034 0.1444 0.2539 1 

0.15 0.2191 0.1853 0.1913 0.1853 0.2191 1 0.36 0.2564 0.1407 0.2058 0.1407 0.2564 1 

0.16 0.2204 0.1841 0.1910 0.1841 0.2204 1 0.37 0.2591 0.1366 0.2086 0.1366 0.2591 1 

0.17 0.2218 0.1828 0.1908 0.1828 0.2218 1 0.38 0.2620 0.1322 0.2117 0.1322 0.2620 1 

0.18 0.2233 0.1814 0.1906 0.1814 0.2233 1 0.39 0.2650 0.1273 0.2153 0.1273 0.2650 1 

0.19 0.2247 0.1800 0.1905 0.1800 0.2247 1 0.40 0.2683 0.1220 0.2195 0.1220 0.2683 1 

0.20 0.2262 0.1786 0.1905 0.1786 0.2262 1 0.41 0.2719 0.1160 0.2243 0.1160 0.2719 1 

0.21 0.2277 0.1771 0.1905 0.1771 0.2277 1 0.42 0.2758 0.1093 0.2298 0.1093 0.2758 1 

0.22 0.2292 0.1755 0.1906 0.1755 0.2292 1 0.43 0.2801 0.1018 0.2363 0.1018 0.2801 1 

0.23 0.2308 0.1738 0.1908 0.1738 0.2308 1 0.44 0.2848 0.0933 0.2438 0.0933 0.2848 1 

0.24 0.2324 0.1720 0.1911 0.1720 0.2324 1 0.45 0.2902 0.0835 0.2526 0.0835 0.2902 1 

0.25 0.2340 0.1702 0.1915 0.1702 0.2340 1 0.46 0.2963 0.0722 0.2631 0.0722 0.2963 1 

0.26 0.2357 0.1683 0.1920 0.1683 0.2357 1 0.47 0.3033 0.0589 0.2756 0.0589 0.3033 1 

0.27 0.2375 0.1662 0.1926 0.1662 0.2375 1 0.48 0.3115 0.0430 0.2909 0.0430 0.3115 1 

0.28 0.2393 0.1641 0.1933 0.1641 0.2393 1 0.49 0.3213 0.0238 0.3097 0.0238 0.3213 1 

0.29 0.2411 0.1618 0.1942 0.1618 0.2411 1 0.50 0.3333 0.0000 0.3333 0.0000 0.3333 1 

0.30 0.2430 0.1594 0.1952 0.1594 0.2430 1 
       

 

Table 4.4: Variance of BLUE and Arithmetic Mean for 2,12 =+= kkn  

  
)

~
var( nX  )var( nX  

  
)

~
var( nX  )var( nX  

  
)

~
var( nX  )var( nX  

  
)

~
var( nX  )var( nX  

-0.50 0.0286 0.0400 -0.28 0.1068 0.1104 -0.06 0.1806 0.1808 0.16 0.2499 0.2512 

-0.49 0.0322 0.0432 -0.27 0.1102 0.1136 -0.05 0.1839 0.1840 0.17 0.2529 0.2544 

-0.48 0.0359 0.0464 -0.26 0.1137 0.1168 -0.04 0.1871 0.1872 0.18 0.2559 0.2576 

-0.47 0.0395 0.0496 -0.25 0.1171 0.1200 -0.03 0.1904 0.1904 0.19 0.2589 0.2608 

-0.46 0.0431 0.0528 -0.24 0.1205 0.1232 -0.02 0.1936 0.1936 0.20 0.2619 0.2640 

-0.45 0.0467 0.0560 -0.23 0.1240 0.1264 -0.01 0.1968 0.1968 0.21 0.2649 0.2672 

-0.44 0.0503 0.0592 -0.22 0.1274 0.1296 0.00 0.2000 0.2000 0.22 0.2678 0.2704 

-0.43 0.0539 0.0624 -0.21 0.1308 0.1328 0.01 0.2032 0.2032 0.23 0.2708 0.2736 

-0.42 0.0575 0.0656 -0.20 0.1341 0.1360 0.02 0.2064 0.2064 0.24 0.2737 0.2768 

-0.41 0.0611 0.0688 -0.19 0.1375 0.1392 0.03 0.2096 0.2096 0.25 0.2766 0.2800 

-0.40 0.0647 0.0720 -0.18 0.1409 0.1424 0.04 0.2127 0.2128 0.26 0.2795 0.2832 

-0.39 0.0682 0.0752 -0.17 0.1443 0.1456 0.05 0.2159 0.2160 0.27 0.2824 0.2864 

-0.38 0.0718 0.0784 -0.16 0.1476 0.1488 0.06 0.2190 0.2192 0.28 0.2852 0.2896 

-0.37 0.0753 0.0816 -0.15 0.1510 0.1520 0.07 0.2222 0.2224 0.29 0.2880 0.2928 

-0.36 0.0789 0.0848 -0.14 0.1543 0.1552 0.08 0.2253 0.2256 0.30 0.2908 0.2960 

-0.35 0.0824 0.0880 -0.13 0.1576 0.1584 0.09 0.2284 0.2288 0.31 0.2936 0.2992 

-0.34 0.0859 0.0912 -0.12 0.1609 0.1616 0.10 0.2315 0.2320 0.32 0.2964 0.3024 

-0.33 0.0894 0.0944 -0.11 0.1642 0.1648 0.11 0.2346 0.2352 0.33 0.2991 0.3056 

-0.32 0.0929 0.0976 -0.10 0.1675 0.1680 0.12 0.2377 0.2384 0.34 0.3018 0.3088 

-0.31 0.0964 0.1008 -0.09 0.1708 0.1712 0.13 0.2407 0.2416 0.35 0.3045 0.3120 

-0.30 0.0999 0.1040 -0.08 0.1741 0.1744 0.14 0.2438 0.2448 0.36 0.3071 0.3152 

-0.29 0.1033 0.1072 -0.07 0.1774 0.1776 0.15 0.2469 0.2480 0.37 0.3097 0.3184 
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Table 4.4 continues: Variance of BLUE and Arithmetic Mean for 2,12 =+= kkn  

  )
~

var( nX  )var( nX  

0.38 0.3122 0.3216 

0.39 0.3147 0.3248 

0.40 0.3171 0.3280 

0.41 0.3194 0.3312 

0.42 0.3217 0.3344 

0.43 0.3238 0.3376 

0.44 0.3259 0.3408 

0.45 0.3278 0.3440 

0.46 0.3295 0.3472 

0.47 0.3310 0.3504 

0.48 0.3322 0.3536 

0.49 0.3330 0.3568 

0.50 0.3333 0.3600 

Table 4.5: Four purposively selected data sets on monthly average exchange of Naira per 

unit of EURO currency (
tX ) 

Data 1 Data 2 Data 3 Data 4 

Year Month  
tX  Year Month  

tX  Year Month  
tX  Year Month  

tX  

2004 November 172.67 2010 July 189.83 2017 May 337.72 2011 April 220.08 

2004 December 177.95 2010 August 191.9 2017 June 343.24 2011 May 219.66 

2005 January 174.13 2010 September 195.91 2017 July 358.50 2011 June 220.22 

2005 February 173.05 2010 October 208.34 2017 August 360.93 2011 July 216.08 

2005 March 176.26 2010 November 203.64 2017 September 364.53 2011 August 216.79 

2005 April 171.8 2010 December 197.27 2017 October 359.34 2011 September 211.73 

2005 May 168.52 2011 January 200.57 2017 November 359.07 2011 October 208.22 

2005 June 161.67 2011 February 205.58 2017 December 362.36 2011 November 208.78 

2005 July 160.00 2011 March 211.17 2018 January 373.00 2011 December 206.52 

2005 August 162.81 2011 April 220.08 2018 February 377.84 2012 January 202.52 

      2011 May 219.66 2018 March 377.19 2012 February 206.71 

            2018 April 374.22 2012 March 206.05 

                  2012 April 205.00 

 

 

 
 

Figure 2.2: Symmetric Representation of BLUE’s vector of weights when 
...,2,1;12 =+= kkn   
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Note that  kddnd ,...,2,1;1 == +−  , knk −+ = 1  is distinct and the line of line of 

symmetry passes through the point corresponding to the coefficient 1+k  for any fixed 

positive interger k , 0k . 

 

Table 4.6: Estimates of Autocorrelation Coefficients across the sample sizes for Data 

sets 1, 2, 3 and 4 

Sample 

Size 

lags Estimates of 

Autocorrelation 

Coefficients 

T 

value 

n k  
k̂  

10 1 0.7239 2.29 

2 0.3248 0.72 

3 0.0066 0.01 

11 1 0.6032 2.00 

2 0.1333 0.34 

3 -0.0925 -0.23 

12 1 0.6490 2.25 

2 0.2420 0.62 

3 0.0309 0.08 

13 1 0.7800 2.81 

2 0.5904 1.43 

3 0.3743 0.79 
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Table 4.7: Estimates of BLUE Weights, Arithmetic mean ( )nX  with the associated variance, and Mean using BLUE  ( )nX
~

 with its associated variance 

Sample 
size 

Estimates of 
Autocorrelation 

 
1   

2   
3   

4  
5   

6   
7   

8   
9    

10   
11   

12   
13   

nX   nX
~

 ( )nXv   ( )nXv
~

  

Coefficients 

n  
k̂  

10 0.7239 0.1372 0.1211 0.0061 0.1811 0.0544 0.0544 0.1811 0.0061 0.1211 0.1372       169.8860 169.82866 7.88453 7.7000 

11 0.6032 0.1713 0.0174 0.1012 0.1162 0.0076 0.1726 0.0076 0.1162 0.1012 0.0174 0.1713     203.9955 203.7284 13.1388 12.5311 

12 0.6490 0.1260 0.0798 0.0250 0.1557 0.0091 0.1043 0.1043 0.0091 0.1557 0.0250 0.0798 0.1260   362.3300 361.4900  22.3517 21.7771 

13 
  
  

0.7800 

 

  

0.1090 0.0959 0.0037 0.1350 0.0589 0.0252 0.1445 0.0252 0.0589 0.1350 0.0037 0.0959 0.1090 211.4100 210.8900  5.2553  5.1464 
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APPENDIX I 

Case A: When number of observations; 1fixedat2 == kkn . 
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Using the right and left distributive laws of Matrix arithmetic, (iv) reduces to; 
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The identity (vii) and correlation matrix (viii) of the quadratic form for BLUE’s vector of 

coefficients were obtained from (vi) as; 
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APPENDIX II 

Case B: When number of observations; 2fixedat2 == kkn  
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APPENDIX II CONTINUES 
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Using the right and left distributive laws of Matrix arithmetic, (iv) reduces to; 
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The identity (vii) and correlation matrix (viii) of the quadratic form for BLUE’s vector of 

coefficients were obtained from (vi) as; 
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APPENDIX III 

Case C: When number of observations; 1fixedat12 =+= kkn . 
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Using the right and left distributive laws of Matrix arithmetic, Equation (iv) reduces to; 
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The identity (vii) and correlation matrix (viii) of the quadratic form for BLUE’s vector of 

coefficients were obtained from (vi) as; 

 ( )T
1113 =1                    (vii) 

















=

10

1

01

3







ρ                   (viii) 

2

33 21oftdeterminanor −=ρρ                      (ix) 

( )
















−−

−−

−−

==
22

22

33

1

1

1

ofAdjoint







ρρ Adj                  (x) 

















−−

−−

−−

−
=

−

22

22

2

1

3

1

1

1

21

1








ρ                (xi) 

23

1

33
21

43





−

−
=

−
1ρ1

T
                            (xii) 

 T



−−−

−
=

−
1211

21

1
23

1

3 1ρ                (xiii) 



Onyemachi et al.  JRSS-NIG. Group Vol. 3(1), 2026, pg. 1 - 28

  

24 
 ISSN NUMBER: 1116-249X 

APPENDIX III CONTINUES 

 T

T



−−−

−
==

−

−

1211
43

1

4

1

44

4

1

4

04
1ρ1

1ρ
α              (xiv) 

  distinctis231  and=                  (xv) 

 

APPENDIX IV 

Case D: When number of observations; 2fixedat12 =+= kkn . 
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Using the right and left distributive laws of Matrix  arithmetic, Equation (iv) reduces to; 
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The identity (vii) and correlation matrix (viii) of the quadratic form for BLUE’s vector of 

coefficients were obtained from (vi) as; 
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APPENDIX V 

When number of observations; 2fixedat2 == kkn  
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The identity (vi) and correlation matrix (vii) of the quadratic form for BLUE’s vector of 
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APPENDIX VI 

When number of observations; 2fixedat12 =+= kkn  
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























=

1

1

2

2

020

202

020

100

020

002

321

3

2

1

321

3

2

1

321

























         

(iv) 

Using the right and left distributive laws of Matrix arithmetic, (iv) reduces to; 

( ) ( ) ( )
















−
















−
































= 1

1

2

2

120

222

022

, 321

3

2

1

321 













hL α

       

(v) 

  

The identity (vi) and correlation matrix (vii) of the correlated random variables were obtained 

from (vi) as; 

 
















=

1

2

2

3J                      (vi) 

















=

120

222

022

3







ρ                   (vii) 

( )2

33 314oftdeterminanor −=ρρ                (viii) 

( )
( )

( )















−−

−−

−−

==
22

22

33

1244

422

42212

ofAdjoint







ρρ Adj              (ix)  
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APPENDIX VI CONTINUES 

( )
















−−

−−

−−

−
=

−

22

22

2

1

3

122

21

221

312

1








ρ            (x) 

2

2

3

1

33
31

85





−

−−
=

−
JρJ

T
                    (xi) 

















+−

−

−−

−
=

−

2

2

23

1

3

21

21

1

31

1








Jρ                                 (xii) 

















+−

−

−−

−−
==

−

−

2

2

2

2

1

22

2

1

2

02

21

21

1

85

1







JρJ

Jρ
α

T
                   (xiii) 

  
















−−

+−
=

−−

−
==

−−

−−
==

2

2

3

242

2

2

51

85

21

85

21

85

1
















                 (xiv) 
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