Royal Statistical Society Nigeria Local Group 2026 Conference Proceeding

ROBUST BAYESIAN HIERARCHICAL ESTIMATION OF THE FINITE POPULATION
MEAN UNDER UNEQUAL CLUSTER SAMPLING

Doris Nkan Iso-Osene'*, Thomas Adidaumbe Ugbe!, Ekaette Inyang Enang', Christian Elendu
Onwukwe!, Joy Ogum Uket! and Raphael Asu Owan!
! Department of Statistics, University of Calabar, Calabar, Nigeria
*Corresponding author: doris.iso-osene@autuni.ac.nz
Abstract
Cluster sampling is widely used for studying populations that are naturally grouped, but'classical
estimators can perform poorly when observations contain outliers. In this study, we prepose a robust
Bayesian hierarchical estimator for estimating the finite population mean\inder unequal cluster
sampling. We show that the proposed estimator has a bounded.influence function and stable
asymptotic mean-squared error (MSE) under e-contamination, andywe evaluated the performance
of the proposed estimator using both simulated and realrdatasets. Simulation results show that the
proposed estimator retains efficiency under cotreeét _model specification while significantly
improving robustness in contaminated settingsyreducing point-estimation MSE by up to 40% and
posterior predictive error by up to $50%. An application to ecological parasite-load data further
demonstrates improved predictivesstability and moderated mean estimates relative to the Gaussian
hierarchical model.
Key words: Clustér samplinig; Bayesian hierarchical models; contamination; outliers; Student-t
distribution
1. Introduction
Cluster sampling is a probability sampling method in which the population is divided into smaller
groups, referred to as clusters. This approach is widely employed in research across education,
health, marketing, environmental studies, and agriculture due to its efficiency in dealing with large,
geographically dispersed populations (Ly ef al., 2018). In this design, clusters are selected first,
followed by sampling of units within those clusters, which often results in unequal cluster sizes and

varying within-cluster variance (Hansen and Lee, 2019). Consequently, estimating the population
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mean requires integrating sampling information with between-cluster heterogeneity (Sarndal,
Swensson, and Wretman, 1992). Although classical estimators remain design-consistent under ideal
conditions, their performance deteriorates in the presence of outliers or distributional departures,
particularly when cluster sizes are unequal (Chambers, 1986; Beaumont et al., 2013). These
problems stress the requirement for robust estimation methods that remain reliable in the presence
of heterogeneity and contamination in clustered survey data.

Bayesian hierarchical models estimate finite population mean under cluster sampling'bysembedding
the sampling design within a superpopulation framework and drawing on\ihformation across
clusters (Ghosh and Rao, 1994; Gelman et al., 2013). Under normakhierarchical assumptions,
posterior mean estimators exhibit shrinkage toward the overall meanand provide nearly unbiased
estimates when the model is well specified. However, normal miodels are sensitive to contamination
and heavy-tailed distributions. In the presence of gseontamination (Huber, 1964; Hampel et al.,
1986), the influence function of the posterior mean becomes unbounded. Recent work compares
different point estimators for variance-structuré parameters in Bayesian hierarchical models,
focusing on how they behave sundeg various conditions, including contamination. Simulation
experiments show that contamination'can increase mean square error and predictive dispersion, and
that variance components ¢ansbecome inflated to account for outliers (Verdebout et al., 2005).
Robust probabilisticitheory emphasises bounded influence and redescending behaviour to stabilise
estimates in the“presence of contamination (Huber, 1964; Hampel et al., 1986). Heavy-tailed
probability distributions such as the Student-t, which can be expressed as scale mixtures of normals,
provide a Bayesian approach that adaptively downweigh outliers (Andrews & Mallows, 1974;
Lange et al., 1989). In hierarchical models, these distributions yield observation-specific weights
while preserving multilevel shrinkage (West, 1984; Gelman et al., 2013). Heavy-tailed Bayesian
methods have been applied in regression and small-area estimation (Ghosh, Maiti and Roy, 2008;

Chakraborty, Datta and Mandal, 2017). However, their direct application to finite population mean
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estimation under unequal cluster sampling, explicit contamination analysis, and practical inference
remains limited. (Abuhasel, 2026).
This paper develops a robust Bayesian hierarchical estimator for the finite population mean under
unequal cluster sampling. The proposed approach employs a Student-t observation level model
within a two level superpopulation framework. Conditional distributions are derived to enable
efficient Gibbs sampling, and several key properties are established: (i) bounded influe¢nee of the
posterior mean under € contamination, (ii) stable asymptotic mean squared error relative to normal
based estimators, and (iii) robust posterior inference for variance components, By integrating
contamination theory with finite population inference, the estimator, is both computationally
practical and decision theoretically justified. It preserves “efficiency under correct model
specification while reducing risk under model misspecification. The performance of the estimator
is further evaluated using simulated and real ecolegical data, demonstrating that it maintains
efficiency when the model is correctly specifiediand improves the accuracy of parameter estimates
and the reliability of predictions in the presence.of contamination.
2. Finite Population Framework
Let

U={12,..,N} (1)
denote a finite population of N elements, partitioned into K mutually exclusive and exhaustive
clusters. Let cluster k contain N, units, such that

K Ny =N. @)

Let Y;pdenote the response for unit i in cluster k, where i = 1, ..., Ni.. The cluster total and cluster

mean are defined as

N 2 1 N
Ty = Zi=k1 Yi, Ve = N_kzi=k1 Yik.- (3)

The finite population mean is
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— 1 j—
Y = = ¥k=1NiYi. 4
Suppose that s clusters are selected using simple random sampling without replacement

(SRSWOR). Let S c {1, ..., K} denote the set of sampled clusters. The classical design-unbiased
estimator of the finite population mean is

Y= %ZkesgNkYk- (5)
Although unbiased, this estimator may exhibit high variance when cluster sizes aresunéqual.or'when
extreme within-cluster observations are present. These limitations motivate the.use of hierarchical
modelling approaches that borrow strength across clusters while stabilizing inference under
heterogeneous and potentially contaminated data.
3. Robust Hierarchical Model
To stabilize finite population inference under unequal cluster sizes and potential contamination, we
adopt a two-level hierarchical superpopulation«model with a heavy-tailed observation-level
specification.
3.1 Observation-Level Model

Conditional on the cluster-specificmean p;,, we assume
2 o’
Yie | g 0%, Ay ~ N (llk,/l, ), (6)
ik
where 4;;, are latent\sCale parameters satisfying

Ay ~ Gamma (E Z)_ (7)

2’2
Integratifig,out A;;, yields the marginal distribution
Yie | iy 02 ~ t, (i, 02), (8)
where t, (i, 02) represents a Student-t distribution with location i, scale o2, and degrees of
freedom v. The degrees-of-freedom parameter v governs tail behaviour. Smaller values of v produce
heavier tails and stronger resistance to outliers, while the Gaussian model is recovered in the

limiting case v — oo.
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3.2 Cluster-Level Model
Cluster-specific means are modelled as

e | 1,7t ~ N(u, 72, 9)
where u is the overall (grand) mean, o2 represents within-cluster variability and 72 represents
between-cluster variability. This structure induces shrinkage of cluster means toward the overall
mean, with the degree of shrinkage governed by the relative magnitudes of 62 and 72.(Combined
with the heavy-tailed observation-level specification, the model simultaneously pérforms between-
cluster borrowing of strength and unit-level robust down-weighting.
4. Prior Specification
We adopt conjugate prior distributions to preserve conditional tractability and enable efficient Gibbs
sampling.
The overall mean parameter is assigned a normal prigt:

to N¢mo, V), (10)

where m, and V,, represent prior mean and.variance, respectively.
The variance components are assignediinyerse-gamma priors:

02 ~1G(ay, by), 72 ~ 1G(a,, by), (11)
where 1G(a, b) represents the inverse-gamma distribution with shape parameter a and scale
parameter b. These“choices preserve conjugacy under the scale-mixture representation of the
Student-t-model, ytelding closed-form full conditional distributions for all unknown parameters.

5. Pesterior-Computation

Let S € {1, ..., K} denote the set of sampled clusters and let n; represent the number of observed
units in cluster k € S. Posterior inference is based on the joint posterior distribution of all unknown
parameters, {1y }xes, i, 02, T2, {4}, which is proportional to the product of the likelihood and prior

distributions.
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Under the conjugate structure of Sections 3 and 4, all conditional distributions are available in
closed form, enabling efficient Gibbs sampling.

5.1 Conditional Distribution of 4;;,

For each observed unit i in cluster k € S,

R 2 2
Aix|rest~Gamma (UTH,M) (12)

These latent weights 4;;, adaptively down-weight extreme observations. Large residuals,yield.small
values of A;;, thereby reducing influence.
5.2 Conditional Distribution of p,
For each sampled cluster k € S,
U | rest ~ N(my, Vy), (13)

where
Vi = (5+2 ?L/lik)_l'
My = Ve (:_L_z + ﬁZ?ﬁl Aik Yik)-
Thus, m;, is a precision-weightéd average of the grand mean u and the robust weighted cluster
mean.
5.3 Conditional Distribution of u
p | rest ~ N(my, V), (14)
where
n= )

_ my , 1
m, =V, (V—0+T—22kes#k)-

5.4 Conditional Distribution of o
1
02 | rest ~ 1G (ag + 3, by +3 Ky 2%, Age (Ve — 1i)?). (15)

where n = Y.;cs Ny is the total number of observed units
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5.5 Conditional Distribution of 72

72 | rest ~ 1G (ar + 2, by + 2 Nees (e — 1)?). (16)
5.6 Gibbs Sampling Algorithm
The posterior inference proceeds by iteratively sampling from the above conditional distributions
described in sections 5.1-5.5.
At iteration t = 1, ..., T, the algorithm proceeds as follows:

Step 1: Update latent weights

t-D\?/_2(t-1)
@®) v+1 V"‘(Yik_Hk ) /o
Ay ~ Gamma <T’ > .

Step 2: Update cluster-specific mean
1O~ Nm®, v O,
Step 3: Update grand mean
u® ~ N(m(t),VH(t)).
Step 4: Update within-cluster varian¢e
TEOF1G (a5 +3, b, + 3K T AP (Ve — 1)?).

Step 5: Update between-clusterivariance

Is| 1 t 2
T2 ~ G (a‘r +5, b EZkeS(ﬂl(() - H(t)) )
At each iteration, the finite population mean is computed as

< N,
a k ~(t)
© W ko
k=1

where sampled cluster means are taken from their posterior draws ,u,(ct), and unsampled cluster

means are drawn from

A~ Nu®,720),
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Because all updates involve standard distributions and preserve conditional conjugacy, the
algorithm requires no Metropolis-Hastings steps and is computationally stable.
6. Theoretical Properties
In this section, we summarize the key theoretical properties of the proposed robust Bayesian
hierarchical estimator of the finite population mean. Detailed derivations are provided in Appendix
A.
6.1 Shrinkage Structure
Let uy, denote the cluster-level mean. Under the Student-t representation with.latént weights 4;;, the
posterior mean of y; takes the form

E(uy | data) = Byyy,w + (1 — B, (17)

where

2

5 :Ziﬂikyl'k B8 T
fow Yidine ANt a2/Yi Ay

Thus, the estimator is a convex combination 0f a'tobust weighted cluster mean and the grand mean.
The latent weights A;;, decrease for extreme.observations, inducing adaptive down-weighting.
Shrinkage increases when betWeen-cluster variance 72 is small or cluster size is small. The estimator
therefore performs adaptive, cluster-specific shrinkage while simultaneously mitigating outlier
influence.

6.2 Bounded Influence

Robustness ean be characterized through influence behaviour under e-contamination.

Theorem™ (Bounded Influence)

Under fixed degrees of freedom v < oo and proper priors on variance components, the influence of
any single observation on the posterior mean of the finite population mean is bounded.

6.3 Redescending Property

The Student-t specification further satisfies a redescending property.
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Theorem 2 (Redescending Behaviour)

For finite v, the influence of an observation satisfies

Hence, sufficiently extreme observations receive asymptotically negligible weight.

This property is stronger than bounded influence and ensures stability under arbitrarily-large
contamination magnitudes.

6.4 Asymptotic MSE Stability

We now examine the large-sample behaviour of the estimator.

Let ¥ denote the robust finite population estimator and considef.e-¢contamination of the form
F. = (1—-¢)F + <G,
where G may have arbitrarily large variance.
Theorem 3 (Asymptotic MSE Stability)
Let the data follow an e-contamination model
Yi, (1 —¢)F, + €@,
where Fj has finite variance.
Let ?R py and ?GHB denote thesproposed robust and Gaussian hierarchical estimators of the finite
population mean, respectively.

Then, as n — o,

MSE(Fran) = 0 () + 0(e),

and

MSE(Y,45) = O (%) + 0(eM?),

with M denoting contamination magnitude.

For fixed € and sufficiently large contamination magnitude,
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MSE(?RBH) < MSE(?GHB)'

7. Simulation Study
In this section, we evaluate the finite-sample performance of the proposed robust Bayesian
hierarchical estimator (RBH) and provides numerical confirmation of the theoretical properties
established in section 6. We assess efficiency under correct specification and stability under
increasing contamination. The RBH estimator is compared with the Gaussian hierarchical Bayes
(GHB) estimator.
7.1 Design
A finite population consisting of K = 50 clusters was generated, ‘under the hierarchical
superpopulation model

e ~ N(uo,t2), Yy ~ tflu5a?)
with py = 10, 72 = 4, and 6? = 9. Cluster sizes wefe unequal and drawn from Uniform (20,100)
for the moderate and large-cluster scenario. Erom each population, s = 20 clusters were selected
by simple random sampling without replacement.

To assess robustness, e-contamination was introduced:

2

o
Yie ¥(1—¢&)N (#mr) + &N (ug, M?),

ik
with € € {0,0.10,0.15;0:20,0.25,0.30} and M € {50,100}. We compared: GHB and RBH with v €
{3,4,8}. Each'scenario was replicated 1,000 times. Performance metrics included (i) Mean squared
error (MSE) of the finite population mean, (ii) Posterior predictive MSE (PPMSE) and (iii) 95%
credible interval coverage.
7.2 Results: Moderate and Large Clusters
Correct Specification (¢ = 0)
In Table 1 (no contamination), the RBH and GHB exhibited nearly equal performance. The GHB

had an MSE of 0.1345, while the RBH MSE ranged from 0.1345 to 0.1354, corresponding to less

10
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than 1% efficiency loss. Coverage probability for both RBH and GHB was close to nominal (93-
94%). The Posterior Predictive MSE (PPMSE) performance was slightly improved under RBH
(PPMSE = 15) for degrees of freedom 4 and 3 and (PPMSE = 18) for degree of freedom 8 while
GHB (PPMSE = 18). These results confirm that the heavy-tailed specification preserves efficiency
under ideal conditions.

Moderate Contamination (¢ = 0.10-0.15)

In Table 2 (moderate contamination, € = 0.10, M = 50), the GHB estimator producedvan MSE of
0.266, while the proposed RBH estimator (v = 4) achieved an MSE of 0.230;«orresponding to a
14% reduction relative to GHB. The improvement is even more evidentinpredictive performance:
PPMSE decreased from 521 under GHB to 272 under RBH, representing nearly a 48% reduction.
Under stronger contamination (Table 3; € = 0.15, M = 100), the MSE of the GHB estimator
increased greatly to 0.860, while the RBH estimator (#y=4) achieved an MSE of 0.672, reflecting
a 22% reduction. Predictive error was also nearly halved, with PPMSE decreasing from 3018 for
GHB to 1532 for RBH. In additiong~the ‘GHB estimator exhibited strong over-coverage
(approximately 98%), indicating inflated variance, but the RBH estimator produced tighter
intervals, although with mederate under-coverage.

Severe Contamination (&= 0:20-0.30)

In Table 4 (severe contamination, € = 0.20,0.25,0.30, M = 100), the GHB estimator produced an
average MSE ‘of 14476, while the proposed RBH estimator (v = 4) yielded an average MSE of
0.914,eorresponding to a 38% reduction in MSE relative to GHB. The improvement is even more
evident in predictive performance: PPMSE decreased from 6021.944 under GHB to 2691.589 under
RBH, representing nearly a 50% reduction. Coverage probability also illustrates the robustness-
calibration trade-off: GHB maintained persistent over-coverage (approximately 98%), but RBH

coverage ranged from 57% to 91%, increasing with degree of freedom (v).

11
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8. Real Data Application

To assess the practical application of the proposed estimator, a secondary dataset from an ecological
study of sandstone-cave bats in Enugu State, Nigeria, was used to evaluate its ability to estimate the
mean parasite load. The data includes 35 caves, excluding cave 17 because no observations are
recorded. Here, we used parasite load as the unit-level outcome, treating caves as naturally occurring
clusters.

8.1 Results

Table 3 shows the estimated mean parasite load, along with 95% crediblevintervals (Crl) and
posterior predictive mean squared errors (PPMSE). The GHB estimatoryielded an estimated finite-
population mean parasite load of 5.12, with a 95% credible mterval (Crl) of (4.58, 5.67). The
corresponding PPMSE was 46.47, reflecting strong predictive, dispersion under the normality
assumption, but the proposed RBH estimator produced-consistently lower mean estimates across all
degrees-of-freedom specifications. For v = 4, the estimated mean was 3.87 (95% Crl: 3.46, 4.29)
with PPMSE = 33.01, representing approximately a 29% reduction in predictive error relative to
the Gaussian estimator. For v = 3, theunean further decreased to 3.61 (PPMSE = 33.02), while for
v = 8, the estimate was 4.33 (PPMSE = 36.43), still significantly lower than the GHB estimator.
9. Discussion

The simulationsstudy provides clear empirical support for the theoretical results established in
Theorems 1-3% When the model is correctly specified (¢ = 0), the Gaussian hierarchical Bayes
(GHB).estimator and the proposed robust Bayesian hierarchical (RBH) estimator display nearly
identical mean-squared error and achieve coverage probabilities close to their nominal levels. This
aligns with the asymptotic efficiency properties implied by Theorem 3 and the limiting Gaussian
case as v — oo, Consequently, adopting a heavy-tailed specification does not impose an efficiency

penalty under ideal conditions (Lange, Little & Taylor, 1989).

12
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As contamination increases, the divergence predicted by robustness theory becomes evident.
Theorem 1 shows that the RBH posterior mean has bounded influence under e-contamination,
whereas the Gaussian estimator does not. This distinction is reflected in the simulations: GHB reacts
to contamination mainly through inflated variance, producing wider credible intervals and greater
predictive dispersion. In contrast, RBH down-weights extreme observations, maintaining stable
estimation error.

Theorem 3’s MSE-stability result is also confirmed numerically. Under moderate, to Severe
contamination, RBH reduces point-estimation MSE by 14-45% and lowers \predictive MSE by
roughly 40-50% relative to GHB. Although very small degrees~ef\ freedom may lead to
under-coverage, moderate values achieve a practical balancesbetween robustness and interval
calibration, consistent with the redescending behaviour desertbed,in Theorem 2.

The real-data application reinforces these findings: in,the eave parasite dataset, RBH moderates
mean estimates and reduces predictive MSE_ By 22-:29%, mirroring the contamination patterns
observed in simulation. Overall, the agreement between theory, simulation, and empirical
performance demonstrates that. the, proposed estimator preserves efficiency under correct
specification while stabilizing estimates under misspecification.

Conclusion

In this study, we, developed a robust Bayesian hierarchical estimator for the finite population mean
under unequahchuster sampling by embedding a Student-t observation model within a two-level
hierarchical framework. The resulting estimator exhibits key robustness properties, including
bounded “influence, redescending behaviour, and stable asymptotic mean-squared error. Both the
simulation results and the real-data application show that the proposed estimator maintains high
efficiency under correct model specification while delivering substantial gains under contamination

by reducing both estimation error and predictive risk.

13
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Overall, the proposed estimator offers a practical and theoretically grounded solution for

finite-population inference in clustered settings. Its ability to remain efficient in ideal conditions

while providing markedly improved reliability in the presence of heavy-tailed data or influential

observations makes it a valuable tool for applied survey work.
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12. Appendix

Appendix A: Derivations

This appendix provides formal derivations omittedfrem the main text.

A.1 Derivation of Full Conditional for 4;;
The observation-level model is
2
Yielt, 0%, A~ N (#k»;;),
with prior
v
Aik~Gamma (E'E)

The conditional posterior is proportional to

Ay (Vi — 2 v_
}\ikl/zexl) <_ M) " A?k 1exp (_ ;)\ik).

202

Collecting terms yields

N2 A2
Aik | rest~Gamma(V;1,v+(Ylk Z#k) /o )

15
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A.2 Derivation of Full Conditional for p,

For a sampled cluster k € S, the observation-level model is

%\ .
Yik | ,le,O'Z,/lik ~ N(,le'/-l—ik),l = 1,...,le.

Hence the likelihood contribution for cluster k is

ng
A\ /2 Ak
POV | e 0% A) ‘ ‘ (%) exp {=52% O - mr?}.
i=1

Ignoring terms not involving p;, the kernel is

ng
1
p(Yi | py) < exp _FZ Aire Yim=ttie) -
im1

From the cluster-level model,
e | % ~ N(@t),
so, the prior is
1
P (e (F1) e exp {_F (e = u)z}-

The full conditional is proportienal to

1

ng
1
p (e | Test) « exp —ﬁz Aie Vi — ti)? — e HERS
i=

Expanding the quadratic term

(Yike — ti)? = Y — 2Yietye + i

Thus,

ng ng ng ng
zlik Yk — m)* = Zlik Y — Z/sz/lik Y + .ul%z/lik :
i=1 i=1 =1 =1

Collecting only terms involving g, the exponent becomes

_ % (B4 2 2 ) -2 (£ + S 20 A i) ]

16



Royal Statistical Society Nigeria Local Group

Completing the square

T2 0o

(rlZJr%ZZ?fl /1”‘) [(uk - (#

This quadratic form implies a Normal distribution with:

-1

Ve = (G gz it n)

my, =V (T,u_z + 0—122:;’(1 Ak Yik) :
Hence
Ui | rest ~ N(my, Vi)
A.3 Derivation of Full Conditional for u
Recall:
Prior:
u = N(mo Vo)
Cluster-level model:
N 1,72 ~ N(u,t2),k € S.

The conditional posterior of i is\preportional to:

p(u | rest) o< p(u) ﬂp(uk |, T2).

k€S

Substitutingithendensities:

1
p(u) o exp {—Z—VO(M - mo)z},

1
p(iy | 1) o exp {—Z—Tz (ke — H)Z}-

Thus,

2
1
S+ =53 Ak Yik))

2026 Conference Proceeding

1 1
P(u | rest) o exp {—Z—VO (1= mo) =55 ) (it = #)2}-

keS

Expanding the quadratic terms yields

17
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(u—mg)? = u? = 2mopu + m

(e — 1) = pig = 2ptpept + 12,

Then,

Z(uk — pn)? =2ui —ZuZuk +1 S| p?

k€S k€S kes

Substituting into the log-posterior and collecting terms involving u:
1ppt IS , (my . 1
—3 (V_o + T_z) pe—2 (To + T—22kes#k) M]-

Completing the square gives

7+ =)

2

2
<li - (r{/l—(;)"‘rlszes lik)) ]

This is quadratic in u, so the posterior is Normal with:

0= (5t

m 1
my, =V (‘V—OO‘FT—ZZkGS#R) :

Therefore,
U|rest ~N(mﬂ, Vu)
A.4 Derivation of Full Conditional for o

From the observatien-level model:
2
Yir |gro sk~ N (llk;:)
Thus,\the likelihood contribution is:
1 e
POV 1 6%) o (02 Zexp 4= > > N (Ve = )?

20

keS i=1
The prior is:

a2 ~1G(ag, by),

18
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with density:

b
p(c?)  (62)~@s+Dexp {— G—Z}
Multiplying likelihood and prior gives
1 ov
p(0? | rest) o< (07)7 @ M 2exp J 23" N Ay (Vi — 1) [
KeS i=1
This is the kernel of an inverse-gamma distribution.

Hence,

1
o?|rest~IG (aa + 2» bs + EZRES Z?:kl Aie (Vi — .Uk)z)-
A.5 Derivation of Full Conditional for 72

From the cluster-level model:

e | 7% ~ N, 7).
Thus, the likelihood term is:

1
p({me} | T) o€ (%) ¥ 2exp {_FZ(Hk - u)z}-

KkeS
The prior is:
12 ~ 1G(a,, by),

with density:

b
p(r?) o (2) e exp {22},

Multiplying the likelihood and the prior:

- 1 1
p(r? | rest) o (r2)~ @1V Dexp (— 2 [b +2 5 (e — 2]},

This is inverse-gamma.

Therefore,

19
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IS 1
72 | rest ~ IG (ar +=, b 43 2 resC i — u)z).

A.6 Proof of Bounded Influence (Theorem 1)

For extreme observations | Y;;, |- oo,

_ v+1
v+ (Yie — m)?/0?

Aik =0(l Yy 172).

Thus, the contribution of Yj;, to the weighted cluster mean is
AiYie = O(1 Yy I79),
which converges to zero. Therefore, the derivative of the posterior mean with respectto Y;; remains
bounded.
A.7 Proof of Redescending Behaviour (Theorem 2)
We prove the result in three steps.
Step 1: Student-t as a Scale Mixture

Under the robust hierarchical specification,
2 o?
Yied 1o 050 ik ~ N(:uk'E)'
with latent weights
Aix ~ Gamma (%'%)

The conditional posterior expectation of A is

F Q| i) = ——
v+ (yik_z.uk)
o
For large residuals,

we have

(Vik—Hx) 2
and therefore
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EAi | yir) ~ m =0 (ﬁ)
Thus,

Aix = Oas |y | = o.
Step 2: Effect on the Posterior Mean of pu;

From Appendix A.2, the posterior mean of y, is

1
my = Vg (TM_Z t2 Yk Ak yik) )
where

1 1 -1
Vi = (T—2+;Z§L"1 Aik)

Let observation y;;, diverge while all others remain fixed.

Since A = 0(1/y3),

1
AiYin & O <—) = 0.

Yik
Similarly,
ng
1
Z /11]( =0 <_2> -0
i=1 yik
Therefore,
Vi = 12,
and
my o U.
Thus,
0
my 50
ik

The cluster mean becomes insensitive to extreme observations.
Step 3: Effect on the Finite Population Mean

The estimator of the finite population mean is
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where sampled clusters use posterior draws of p;, and unsampled clusters are drawn from N (u, 72).

Since
i
o,
0Yik
and the estimator is linear in fiy,
oY Ny 9,
=— - 0.
0yi N Oy
Hence,
)%
—=0.

Iyliimoo 0Yik

A 8. Proof of Asymptotic MSE Stability Under Contamination (Theorem 3)
Step 1: MSE Decomposition
For any estimator ,

MSE(8) = Var(0) + Bias(6)?.
Thus, we analyse variance/and squared bias separately.
Step 2: Asymptotic Variance
Under regularity'conditions for hierarchical Bayesian estimators with proper priors and identifiable

parameters (Ghesh'& Rao, 1994), posterior means satisfy
Y-v=o0 ( . )
=0\ 7).
implying
Var(¥) = 0 <1>
ar(Y) = =)
This rate holds for both Gaussian and Student-t specifications, since the hierarchical structure is

identical at the cluster level and the Student-t model reduces to Gaussian as v — co.
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Thus,

1 1
Voraan = 0/(2), Vargns = 0 (1),
arppH n arGup n
Step 3: Bias Under e-Contamination
Under contamination,

Yik = Zig + bix,

Ziy ~ Fo,
Oix ~ G with probability e.
The Gaussian hierarchical estimator has unbounded influence (Theorem, 1). Thus, the bias induced
by contamination scales linearly with contamination magnitude:

Biasgyp = 0 (eM),
Therefore,

BiasZsg = 0(e2M?).
For moderate ¢,

Biassyz = 0(eM?).
From Theorem 2, the influence, function of the Student-t estimator is redescending. The effective

weight for extreme observations satisfies

1
=g ((yik_ﬂk)z).
Hefice contamination magnitude does not enter linearly into the estimator.
The induced bias is bounded:
Biasggy = 0(é).
Therefore,

Biaszpy = 0(¢2).
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Step 4: Combining Terms

Thus,

1
MSERBH = 0 (a) + 0(82),

MSEgug =0 (%) + 0(eM?).

For fixed € and increasing contamination magnitude M,
MSE;yp = o, MSERpy remains bounded.
Hence,
MSERpy < MSE;yp for sufficiently large M+
Step 5: Efficiency Under Correct Specification
When € = 0,
Biasggy = 0, Biasgyg="0.

Both estimators share the same asymptotic varianee order O(1/n). Hence,

MSEzgn. = MSE;y5 + o(1).

Thus, no asymptotic efficiency loss oceurs under correct specification.
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Appendix B: Results
Table 1
Simulation summary of estimator performance for the finite population mean under correct

model specification (¢ = 0).

Model MSE PPMSE Coverage

RBH (v = 3) 0.1354181 14.66271 0.933

RBH (v = 4) 0.1351272 15.21522 0:930

RBH (v = 8) 0.1347677 16.31511 0931

GHB 0.1345436 18.01968 0.936
Table 2

Simulation summary of estimator performance. for the finite population mean under

moderate contamination (¢ = 0.10, M =50).

Model MSE PPMSE Coverage
RBH (v = 3) 0.23132 269.8860 0.843
RBH (v = 4) 0.22957 272.2289 0.848
RBH (p.= 8) 0.22312 283.8958 0.860
GHB 0.26628 521.1379 0.971
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Table 3
Simulation summary of estimator performance for the finite population mean under

moderate contamination (¢ = 0.15, M = 100).

Model MSE PPMSE Coverage

RBH (v = 3) 0.67833 1524.293 0.625

RBH (v = 4) 0.67222 1532.205 0.627

RBH (v = 8) 0.61674 1641.386 0.720

GHB 0.86000 3018.138 0:982
Table 4

Simulation summary of estimator performance for the finite population mean under severe

contamination (¢ = 0.20, 0.25, 0.30 M = 100).

Model MSE PPMSE Coverage
RBH (v = 3) 0296040 2585.775 0.567
RBH (v = 4) 0.91398 2691.589 0.661
RBH (v = 8) 0.81250 3222.999 0.910
GHB 1.47578 6021.944 0.977
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Posterior performance summary for the finite population mean parasite load under Gaussian

and robust hierarchical models

Model

RBH (v = 3)
RBH (v = 4)
RBH (v = 8)
GHB

Mean estimate

3.605832

3.871797

4.327445

5.123672

Credible
interval
(Cr) 2.5%
3.2351284
3.459431
3.894394

4.581576

Credible
interval
(Crl) 97.5%
4.033470
4.287054
4.763547

5.668019

PPMSE

33.01687

33.00856

34.43002

46.46945
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